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We present a Kohn-Sham method that allows one to treat exchange interactions exactly within density-
functional theory. The method is used to calculate lattice constants, cohesive energies, Kohn-Sham eigenval-
ues, dielectric functions, and effective masses of various zinc-blende semicond&iidee, C, SiC, GaAs,

AlAs, GaN, and AIN. The results are compared with values obtained within the local-density approximation,
generalized gradient approximations, the Krieger-Li-lafrate approximation for the Kohn-Sham exchange po-
tential, and the Hartree-Fock method. We find that the exact exchange formalism, augmented by local density
or generalized gradient correlations, yields both structural and optical properties in excellent agreement with
experiment. Exact exchange-only calculations are found to lead to densities and energies that are close to
Hartree-Fock values but to eigenvalue gaps that agree with experiment within 0.2 eV. The generalized gradient
approximations for exchange yield energies that are much improved compared to local-density values. The
exact exchange contribution to the discontinuity of the exchange-correlation potential is computed and dis-
cussed in the context of the band-gap problgg0163-182899)05515-0

[. INTRODUCTION (LDA) and several variants of the generalized gradient
approximatioh™° (GGA). Both types of schemes exhibit
Density-functional theory has proven to be an exceedeharacteristic deficiencies when one applies these methods to
ingly powerful tool for predicting material properties quan- real systems. Indeed, the LDA is known to overestimate the
titatively. It is centered around a variational principle thatbinding energy of molecules and solids considerdiy,
states that the ground-state enekEjy | of a many-body sys- whereas the GGA overestimates lattice constants and under-
tem is a functional of the densifyand becomes minimal for estimates the bulk moduli of semiconduct&s:* Both the
the ground-state densityThe best-established realization of GGA and LDA grossly fail to predict experimental band
density-functional theory is the Kohn-Sha(i{S) method, gaps of solid$>~?°as well as the correct asymptotic behav-
that maps the many-body problem onto a set of Sdiger-  ior of V,(r).}
type KS single-particle equations that yield, in principle, the = Several density-functional schemes beyond the LDA have
exact ground-state energy and density of the many-body sy®een developed, such as self-interaction corrected
tem. The functionaE[ p] contains a nonclassical contribu- methods:'??the weighted-density approximatiéh* or the
tion, namely the exchange-correlation enefgy[p]. Its  average Fock approximatidi?® They attempt to improve
functional derivative with respect to the electron densityboth V,[p] andV[p], albeit approximately. Alternatively,
p(r) is the KS exchange-correlation potential. It enters thesince E,[p] can be evaluated exactly and is typically an
KS equations as a multiplicative potent\}([p];r).t order of magnitude larger thag [ p], one might attempt to
The central challenge for any practical implementation offind a way to calculate/,[ p] exactly. This is the concept
KS theory is to approximatg,[ p] andV,[p] in a way that  that we pursue in the present paper. For free atoms, this goal
yields accurate results for atoms, molecules, and solids. Theas already achieved a long time ago by what is known as
exchange-correlation energy is conventionally split into itsthe optimized effective potenti#DEP method?” The OEP
exchange and correlation contributioBg[ p] and E [ p], formalism was originally meant to approximate the Hartree-
and consequentlyy, [ p] may also be divided into the ex- Fock method by constructing a local potential whose eigen-
change and correlation pang[ p] andV [ p], respectively. functions minimize the expectation value of the Hartree-
Up to now, neither of these potentials has been exactly de=ock Hamiltonian. Only later was it recognized to represent
termined for an extended system, in spite of the fact that than exact exchange-only KS method within density-functional
exchange energy is explicitly known in terms of the KStheory?® Unfortunately, the original OEP scheme is only ap-
single-particle wave functions. However, it is yet unknown plicable to spherical finite systems where the potential can be
how to evaluate its functional derivative with respect to thechosen to approach zero asymptotically.
density. In this paper, we present an exact expression for the Therefore, a straightforward generalization of the OEP
local KS exchange potentid,([p];r)=SE,[p]/dp(r), and  scheme for solids is not possible. Nevertheless, several ap-
calculate it for several semiconductors that range from wideproximate approaches have been developed to extend this
gap to small-gap materials. method to solids. One approach used a spherical shape ap-
The most commonly employed approximations forproximation for the potential, and treated the ion cores
E,Jp] and V,[p] are the local-density approximatibn nonrelativistically?®=>3and the other one approximated the
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one-particle Green function by replacing eigenvalue differ-Here thek sum extends over all vectors in the first Brillouin
ences by a constaft® The latter approximation—known as zone, and the index labels the occupied valence bands.
the Krieger-Li-lafrate(KLI) method—was shown to affect Spin-orbit coupling is neglected in this paper, which gives a
OEP results for atoms only negligib®:3%3" Importantly,  factor of 2 for spin degeneracy. The ground-state ené&rgy
both schemes yielded encouraging results for band structuresay be partitioned in the following way:
in semiconductors and insulators>>-38-4
We have developed a scheme—termed the exact ex- = +E' Tpl+E.T o]+ + +E/
change(EXX) method™—that yields an expression for the E=Tdpl*Belpl*+Eilpl+ ELol+Edpl+ i, (3
KS exchange potential that can be evaluated exactly, toyhere T[p], E.Llpl, ELlp]l. Edpl, Edpl, andE}; de-
gether with the exact exchange energy. This method requirgspte the kinetic energy, the electron-ion interaction energy,
approximations solely in the treatment of correlations andhe classical Hartree energy, the exchange energy, the corre-
thus represents a systematic step beyond the LDA. _lation energy, and the ion-ion interaction energy of the KS
Effectively, we solve the OEP equations in a way that iSsystem, respectively. The primes indicate that the divergent
free of shape approximations for the potential, eliminates algontriputions—that exactly cancel in an infinite neutral

singularities, and is adapted to periodic boundary conditionssystem—have been removed. With this notation, the KS po-
Furthermore, this scheme allows one to calculate the discoRential in Eq.(1) reads

tinuity A, of V,(r) explicitty upon the addition of an
electron?! The present implementation of the EXX method

: . e - o
relies on the use of consistently generaaddnitio relativis- Vis(N = <—=(ELlp]+EL[p]+ELp]+EJlp])
tic and norm-conserving EXX pseudopotentitisAs we Sp(r)
shall show below, such a treatment of the atomic cores is =V (1) + V(1) + Vi (1) + V(1) (4)

crucial for elements with intermediate and large cores.

This paper is organized as follows. In Sec. II, we outlineyhere each potential term represents the functional deriva-
the EXX method for solids. Section Il addresses the EXXt|Ve of the Corresponding total energy contribution with re-
pseudopotentials, as well as computational issues and coBpect to the density. The functional derivative of the
vergence checks. Section IV presents EXX results for coheglectron-ion energy dr p(r)Ve(r) is taken for a fixed ex-

sive properties, KS eigenvalues, effective masses, and optic@drnal potentialV,,;. The exchange potential is given'by
response functions in zinc-blende semiconductors, and com-

pares them with results obtained with approximate exchange SE[p]
methods such as LDA, GGA, KLI, and Hartree-Fock. Fi- X

; GA, | V=505
nally, the paper is summarized in Sec. V. p

2
e
IIl. THEORY OF EXACT EXCHANGE Elpl=— Z | f f drdr’
The EXX formalism allows one to calculate the local KS vo'kk
exchange potential/,(r) exactly. Before we present this * ’ " oo*
i . . k(N @ui(r) @y (1) @y s(r)

scheme, we briefly summarize the relevant key points of the x LK ok 2 f vk 7 (5)
KS framework. Throughout, we focus on perfect bulk semi- Ir=r|

conductors and insulators. Since the present implementation )
of the EXX formalism is based omb initio relativistc ~ Noté that the only difference between the KS and the

pseudopotentials, only the valence electrons are treated ekl@rtree-Fock exchange energy is that the latter quantity is

plicitly. We note, however, that this scheme is applicable to@lculated using Hartree-Fock rather than KS orbitals.

any type of electronic systeffi**and can be easily general- In_ most practical calculations, bo_th the exchange and cor-

ized to the all-electron or spin-polarized case. relation energy have been approximated so far. The most
KS density-functional theofymaps an interacting elec- common approach is the local-density approximation,

tron system onto a noninteracting oftermed the KS sys-

tem) with the same ground-state densjigr). For systems LDAr 1 LDA

with a nondegenerate ground state, the corresponding wave E.Tpl= | p(NegLp(r)Idr, )
function is a Slater determinant built of KS orbitals which

are obtained from the single-particle KS equations wherea=x or ¢ ands;DA(p) is the exchange or correlation

energy per particle in a homogeneous electron gas with con-

72V? stant densityp. Alternatively, one employs the GGA
- om +VKS(r) @nk(r)zgnk(Pnk(r)’ 1) scheme,
with a local effective potentiaV/yg(r). In a periodic solid, 66 -
the KS orbitalse,,(r) are Bloch states with band index Ex A[P]:j p(Nes®Yp(r),Vp(r),...]dr, (7)
wave vectork, and eigenenergy,, . The ground-statéva-
lence densityp(r) is given by where ¢©¢* is constructed to obey various sum rules and
other known exact properties &, Jp].17%4°
p(r)=22 lou(N)2. ) The dlffICU|Fy in calc_ulatmg Fhe exact,(r) I!es in the
vk fact thatE,| p] in Eq.(5) is explicitly known only in terms of
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the KS orbitals but not in terms of the densjigr). Unfor-  finitesimal (first-ordey change in the exchange energy,

tunately, the explicit dependence of the KS orbitalg[ p] SE,[ p], with respect to an infinitesimatharge-conserving

on the density is totally unknown. Therefore/,(r) changedp(r) in the density. The central idea of the EXX

= 6E,[ p]/ dp(r) cannot be calculated straightforwardly. method* is to split the functional derivative in Eq5) into
Nevertheless, this functional derivative can be determinedeparate terms, each of which can be calculated exactly. By

explicitly by noting that it is sufficient to determine the in- employing the chain rule, we can write

SB[ p] , "
V(r)= 5o(r) =% fdr fdr

All three functional derivatives on the right-hand side of E).are directly accessible, as we will outline below. The first
one is obtained by straightforward differentiation®f p] in Eq. (5), and reads

SE\[p] Seu(r') SVis(r”)
+c.C.|—————
Su(r') Vis(r") p(r)

®

SE erne(F)en(r) @y ri(ry)
a :_ezz dry k ki1 k 1'

(€)
Suk(r’) oK’ [ra=r’|

The second one is the first-order change in the KS orbitals induced by an infinitesimal change in the KS potential. In analogy
to first-order perturbation theory, one obtains

Opuk(r’) P (T @il
— = Y et ). (10)
5VKS(r ) n'k’ #vk Eyk— Enrk’

Insertion of Eqs(9) and(10) into Eq. (8) leads to

V,(r)= fdr

where(r|ck) = ¢, (r) are the unoccupied conduction-band KS orbitals. Note that the nonlocal opéi‘étbas the same form
as the Hartree-Fock exchange operator but is built of KS rather than Hartree-Fock orbitals. In real space it is an integral
operator with the kernel

k(r )<Puk( ") OVis(r')

Pl
k| VN ck +c.c. |l————=, 11
(vk|V, [ ck) R 3p(1) (11

V()= — S Pug(N @yq(r’)

, (12
vg [r—r’|

and in reciprocal space it reads

L , __477622 Cuq(G+G1)Cly(G'+Gy)
Vit(kG.G)=——5 2
VG lg—k+G,]

, (13

whereG,G’, andG, denote reciprocal-lattice vectors,, 4(G) =(q+ Glvq) is the plane-wave expansion coefficient of the
Bloch funct|0n|vq) associated witls, and() is the crystal volume. The third remaining functional derivative in Byis the
first-order change in the KS potential induced by a small change in the density. In order to calculate it, it is easier to consider
the inverse functional derivative, since it can be obtained from linear response theory of independent particles and we
determine this quantity first. One has

op(r)

O e(hr),
Negr)

(D @a(N) @5 (r ) eyi(r) +c.c.
ro(rr) =23 Pok(N) @ck(N) @) @ui(r’) _ 10

vek Eyk™ €ck
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We require that a first-order change in the KS potential In atoms, the analog of the present EXX formalism is
always induces a change in the density that is also of firsknown as the optimized effective potential scheme, as we
order. In this case, the Hohenberg-Kohn theorem guarantegminted out in Sec. 1’ It is based on an integral equation that
a one-to-one mapping betwe@p(r) and 5Vis(r).** How-  can be derived by acting with the operatiy/ 6V on both
ever, this mapping excludes constant potential changes, sinsédes of Eq(11). So far, this integral equation has only been
a rigid potential shift has no effect on the wave functions andsolved for finite spherical systems, wharfg(r) can be cho-
the density. With Eq(14), this implies that one has sen to vanish asymptotically. This is related to the diver-

gency of the full inversey, 1 as expressed by E(L5). By
f dr'xo(r,r')=0. contrast, the present reciprocal-space formalism eliminates
this divergency exactly.
Thus the mappingy, cannot be inverted, and we need to We would_like to emphasize that there is an important
consider a restricted function space that excludes constafPnceptual difference between the EXX exchange scheme

changes of the KS potential. This is most easily achieve@"d the Hartree-Fock scheme. In the Hartree-Fock formal-
through a Fourier expansion, which lead'to ism, the single-particle equations containnanlocal ex-
change potential, and they provide an approximate solution

of the many-electron problem. By contrast, the EXX formal-
ism leads to docal exchange potential and provides, in prin-
ciple, an exact solution if it is augmented by the exact cor-
relation potential. Finally, we point out that the procedure
outlined in Eqgs.(8)—(17) can be applied not only to the KS
realization of density functional theory but also to general-
All charge-conserving changes in the density lie within theﬁzdffnsctisg: :Irgzgr?\}ggvgri??: pc:(r)t():i(te;uo:: ae"r?c\j,gf 2)? trc;gi(oen
subspac& # 0. In addition, the subspad@’ # 0 excludes all y P P

. . with respect to the electron density.
constant potential changes. Therefore, the submatrixof P y

with both G and G’ #0—that we denote by,—is regular,
and can be inverted unambiguously. After a straightforward
transformation of Eq(11) to reciprocal-lattice space, we ar-

rive at the following exact expression for the exchange po-
tential in Eq.(5):

(19

5p(G)=2 xo(G,G")8Vks(G'),
G!

4

Q

(vk|e™'®|ck)(ck|e'® " |vuk)

Euk ™ €ck

. (16

>

vck

Xo(G,G,)

IIl. COMPUTATIONAL DETAILS

A. Pseudopotentials

We have implemented the EXX scheme within the scalar
relativistic pseudopotential framework. From a rigorous
density-functional point of view, the externgdseudgpoten-

Vi (G)= D, [E(G")+E*(—G")]xo {(G,G), tial Voy(r) should be local. We have, therefore, employed

G'#0 locaP! as well as semilocal pseudopotentials. For the latter,
R ' we have used the Troullier-Martins procedir® determine
2 (vk|VNH|ck)(ck|e™"®vk) consistent EXX pseudopotentidlsbased on atomic EXX

>

vck

E(G)=

7

calculations. For comparison, we have also employed
LDA

Q

Euk ™ €ck

Bachelet-Hamann-Schter well KLI

In a self-consistent Kohn-Sham calculation, both quantitiepseudopotentiaf&-384°

;(o(G,G') andE(G) in Eq. (17) have to be updated in each All nonlocal pseudopotentials include angular momentum
step of the iteration cycle. For a system with inversion sym-components/|°" up tol=2, and we have chosen the cutoff
metry, one hasE* (—G)=E(G). The present formalism

as as

radiir . to be independent df In the present calculations, the

does not yield the spatial average of the exchange potentiataluesrS*¢345=2 2 rAlGe=19 rN=17 andr=1.5 in

i.e., its G=0 component. Indeed, exchange-correlation po-units of Bohr radii were used. They are either equal to or

tentials are defined only up to an additive constant in the K&maller than previously applied valugs.

formalism with a fixed particle numbeY,,(G=0) does not It has been noted befdf¥*? that EXX and KLI ionic

enter the total energy or eigenvalue differences, and will bggseudopotentials for atoms of valen@y converge rather

set to zero in the remainder of the paper without loss ollowly to —Ze?/r outside the core radius, as opposed to

generality. LDA pseudopotentials. A measure of this convergence is
By construction, the exact exchange energy cancels thgiven by

self-interaction contributions in the Hartree energy. There-

fore, a calculation of the exact exchange potential @d)
yields a realization of KS theory that is rigorously self-
interaction free, in contrast to the LDA and GGA. In addi-
tion, expression Eq(l7) satisfies all scaling relations and
asymptotic convergence laws that are known for the KS ex
change potentid®*° Even though Eqs(11) and (17) show
that the value ofV,(r) at any pointr depends on the KS

a=j 4arr'? (18

b

where the parametdr has to be chosen larger thap. We
have chosen the pseudopotential cutoff radisuch that the
values ofa are kept as small as possible. The optimum val-
ues forr, do not depend significantly on the parameler

. Ze?
V]°”(r’)+—‘dr’,
r/

wave functions and eigenvalues in the whole unit cell, thewhich therefore has been set to 2.8 Bohr radii in all cases. In
locality of the exchange potential significantly simplifies addition, we have followed the procedure of Ref. 39 and cut
band-structure calculations, since it is independent of theff the tails beyond a certain ionic radiug that was set to

Bloch wave vector. approximately half the bond length in the corresponding el-



PRB 59 EXACT EXCHANGE KOHN-SHAM FORMALISM APPLIBD . .. 10 035

emental materials. In units of Bohr radii, we have chosen 3 !

ro=2.5 for Si, Ge, Ga, and As,=2.2 for Al, andry=2.0 _ 2t LDA(EXX-PP) ,,ﬂ“' i

for C and N, respectively. Fortunately, the calculated solid- ) el o

state results have been found to be insensitive to this cutoff: s [ p--- h /

a variation ofr y by = 0.3 Bohr radii changes lattice constants £ o |~ LDANILCO)

typically by =0.01 A, cohesive energies by0.2 eV/atom, g ~ - /_:3:: -3

and band gaps by 0.05 eV. § - o~ g
= -2 / —

B. Convergence of solid-state properties 3 EXX ¥ LDA
The nonlocal exchange integrals B[ p] and V,(r) in C AIN SIC GaN Si AlAs Ge GaAs

Egs.(5) and(17) contain an integrable Coulomb singularity  Fig. 1. Relative deviations(given in percent of self-
that we have taken into account analytically, following Ref. consistently calculated LDA and EXX lattice constants of various
54. This greatly reduces the number of wave vector®-  semiconductors from the experimental values that are taken from
quired for Brillouin-zone integrations. We have performedRefs. 73, 87, and 93. The results denoted by (RECC) and
calculations with up to 28 speciklpoints for the eight semi- DA (EXX-PP) were obtained with LDA pseudopotentials that in-
conductors studied in this paper. For these materials, howelude nonlinear core correctiorisee Ref. 58and EXX pseudopo-
ever, tenk points already guarantee convergence of ex+entials, respectively.
change energies te0.05 eV/atom(i.e., within 0.1% and
band gaps to 0.02 eV. Therefore, we have usecktpnints  lation potentiaf? If correlations are omitted in the self-
throughout. consistent ground-state calculation, on the other hand, we
The kinetic-energy cutoffs used for the presently studiederm the method “EXXK).” In all other cases, the correla-
materials were chosen to be 25 K§i, Ge, GaAs, AlA% 45  tion functional is specified explicitly such as “EX&GA)”
Ry (GaN, AIN), 50 Ry (SiC), and 65 Ry(C), respectively. if a GGA correlation functional is employed. Often, we
We have carefully checked that these values suffice to yieldompare to self-consistent LDA calculations that use both
a plane-wave convergence error smaller tkad.01 eV for  the standard LDA exchange and correlation functional; those
band gaps, and 0o£0.01 eV/atom for exchange and total calculations are denoted by “LDA.” Except when noted oth-
energies. In Eqs(16) and (17), all unoccupied statetbe- erwise, we have always usednsistenfpseudopotentials in
tween 570 and 8Q0ncluded in the Hamiltonian have been the sense that they have been constructed with the same
taken into account. The dimension of the malyixhas been Hamiltonian in the atom as is employed in the solid.
set to typically half the value for the Hamiltonian matrix.

This gives plane-wave cutoffs far, of 14 Ry (Si,Ge, 16 Ry A. Lattice constants and bulk moduli

(GaAs, AlAs, and 34 Ry(C, SiC, GaN, AIN, respectively, In Fig. 1, we compare the lattice constants as obtained by
and guarantees convergence eafll matrix elements the LDA and EXX methods with the experimental values. As
Yo(G,G").*” We note that the corresponding cutoffs used inis well known, self-consistent LDA pseudopotential calcula-
standard GW calculations®®® are usually considerably tions yield lattice constants in very good agreement with
smaller. experiment, provided the so-called nonlinear core
We have estimated the scaling of the method with respeatorrections® in the exchange and correlation potentials are
to the number of basis functions and atoms in the unit cellincluded. Otherwise, LDA calculations underestimate lattice
With fast Fourier transform or real-space techniques, armonstants by 1-3 %, as shown in the figure.
EXX calculation roughly scales asN?N.NZN where The lattice constants predicted by the EXX method gen-
N,,N¢,N,, andN are the numbers of valence bands, con-erally agree as well with experiment as the LDA ones, the
duction bands, speci&l points, and basis functions, respec- average deviation for the eight semiconductors in Fig. 1 be-
tively. An EXX calculation for systems with large unit cells ing 0.8% and 0.6%, respectively. This good agreement is
is comparable to &GW (Ref. 56 calculation. As noted obtained in spite of the fact that the EXX calculations do not
above, the locality of the exchange potential in the EXXinclude a nonlinear core correctidh.Since this correction
method renders the calculation of a band structure very effivanishes for the Hartree-Fock method, where the potential

cient. can be rigorously divided into a core and valence contribu-
tion, we expect this correction to be small for EXX as well.
V. EXX RESULTS AND DISCUSSION In order tq study separately the effect of the exact ex-
change functional on the core and valence electrons, respec-
As shown in Sec. lll, it is possible to determine the exacttively, we have performed the LDA solid-state calculations

KS exchange potential explicitly. This is not the case for theusing either LDA(labeled LDA in Fig. 2 or EXX pseudo-
correlation potential. In order to obtain realistic predictions,potentials[labeled LDAEXX-PP)]. In the latter case, we
however, correlations need to be included in a self-consisteriind an increase and overall overestimate of the lattice con-
total-energy calculation. We have, therefore, performed calstants compared to the former approach. This can be physi-
culations both with and without several model correlationcally understood as follows. Since the EXX scheme is self-
functionals and will adopt the following notation. We will interaction free, an atomic EXX calculation causes the core
term a calculation “EXX” if it is carried out self- electrons to screen the nucleus more efficiently than in the
consistently with the exact exchange potentizd. (17)] and  LDA. Accordingly, EXX pseudopotentials are less attractive
exchange energ)Eq. (5)] and with the standard LDA corre- than LDA pseudopotentials and therefore yield larger lattice
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TABLE |. Theoretical LDA and EXX lattice constantsn A)

and bulk moduli(in Mbar) of Si, Ge, and GaAs, compared with =8
experimental datdtaken from Ref. 73 except where noted other- o
wise). The LDA values include nonlinear core corrections accord- - =
ing to Ref. 58. D6 g._
& 5
LDA EXX Expt. s 2
ao BO ao Bo ao Bo 8 4 O
) o ® o0 X © LDA
Si 5.39 0.96 5.42 1.15 5.43 0.99 S o 0o x ® EXX(GGA)
GaAs 5.61 0.74 5.70 0.85 5.65 0.77 o X O EXX
GaN 4.49 1.93 4.47 2.39 450 8 X HF
0 | | | |
8Reference 87. 3 4 5 6 7 8

Experimental energy [eV]

constants. Clearly, this effect is more pronounced for atoms . .
with a larger number of core electrowhich increases in FIG. 2. Comparison of self-consistently calculated LDA, EXX,
Fig. 1 from left to right EXX(GGA) (i.e., the EXX method including GGA correlations
If one uses the EXX method for the valence electrons agtonr;) Rff' 2, and Hf.irtrej'F?Ck C(.)tr;]es've ?nergt(%e? mTr:eVl/ "
well, on the other hand, the absence of the unphysical selff'OM OF various Semiconcuctors with expenmentat data. ne jater
. . . . are taken from Refs. 73, 94, and 95. The solid line corresponds to
repulsion causes the valence charge density to shrink relative : .
. erfect agreement between theory and experiment, and is only
to the LDA valence density, and to counteract the effect fro :
. rawn to guide the eye.
the core electrons. For small core ions, the valence effect
dominates, whereas, fpr the Iqrge core ions, Fhe core effect is C. KS eigenvalues and related properties
more pronounced. This explains the trends in the EXX ver-
sus LDA lattice constants in Fig. 1. We note that similar

trends have been obtained in LDA calculations with self- . . .
interaction-corrected pseudopotentf&° multaneously predict accurately cohesive properties and en-

The calculated EXX bulk moduli are summarized in €79y 9aps”®*>3“We are now going to show below that
Table | for a few selected materials, and compared to th'€ EXX method indeed predicts bands gaps very accurately,

LDA as well as to experiment. The EXX method is seen to'" addition to cohesive properties.

overestimate experimental bulk moduli by about 20%. This

originates mostly in the valence electrons, since we find
LDA calculations with EXX pseudopotentials to underesti- Figure 3 compares the calculated fundamental LDA and
mate the experimental bulk moduli by 5-10%. It has beerEXX band gaps for eight semiconductors with experimental

noticed befor& that valence-electron correlation effects tenddata. Several additional energy gaps and total valence-band-
to reduce Hartree-Fock bulk moduli by typically 20%. Thus widths are listed in Table Il. As is evident from these results,
a treatment of correlations beyond the LDA might be neededhe EXX formalism leads to band gaps that are in excellent
for obtaining more accurate bulk moduli in an exact ex-agreement with experiment, the deviation being less than
change calculation. 0.1-0.3 eV. By contrast, the corresponding LDA values are
too small by 1-1.5 eV. Noticeably, EXX gaps are much

_ _ smaller than the corresponding Hartree-Fock values, which

B. Cohesive energies are known to overestimate semiconductor band gaps dra-

Figure 2 compares the EXX and EX&GA) cohesive matically. For example, we have computed the minimal
energies with results from LDA and Hartree-Fock calcula-Hartree-Fock energy gaps of Si, Ge, and GaAs to be 7.4, 6.4,
tions and with experimental data. Whereas the LDA result@nd 7.7 eV, respectively, which is in accord with previously
exhibit the well-knownoverbindingeffect, and overestimate calculated result€?
the experimental data by 0.6—-2.1 eV/atom, the EREA)
cohesive energies are seen to agree excellently with experi-
ment.

To assess the origin of this good agreement, we have
computed cohesive energies with related methods for com-
parison. We find that EXXX), i.e., the EXX method without
correlations, leads to cohesive energies that are virtually
identical to Hartree-Fock valudsf. Fig. 2. Once one adds
either LDA correlations or GGA correlations, the cohesive
energies systematically increase and become closer to the
experimental values. With LDA correlations, cohesive ener- Y
gies are still underestimated by 0.5-0.8 eV/atom, whereas
GGA correlations produce those excellent E}SGA) re- FIG. 3. Comparison of self-consistently calculated LDA and
sults shown in Fig. 2. Similar findings have been reported byexX band gapgin eV) of various semiconductors with experimen-
adding a GGA correlation functional to the Fock oper&for. tal data from Refs. 73 and 89-91.

Recently, significant efforts have been made to develop
self-consistentb initio density-functional methods that si-

1. EXX band structures
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TABLE Il. Comparison of theoretical LDA and EXX Kohn-Sham eigenvalue gapgV) and total valence band widti§¢BW, in eV)
with experimental data, taken from Ref. 73 except where otherwise noted. The gaps have been calculated at the experimental lattice constants
and are given relative to the top of the valence bantl.r&fers to a calculation with a local pseudopotential. The experimental data have
been corrected for spin-orbit splitting effects since the latter are not included in the calculations.

LDA EXX Expt.

L r X VBW L r X VBW L r X VBW
Si* 154 2.79 0.52 12.77 2.36 3.46 1.43 12.34 2.4 3.34 #.25 125
Si 1.43 2.56 0.64 11.95 2.35 3.26 1.50 11.58
Ge 0.13 —0.09 0.75 12.86 1.01 1.28 1.34 12.48 0.84 1.00 13 12.6
C 8.43 5.56 4.78 21.29 9.18 6.28 5.43 21.52 7.3 24.7
GaAs 0.89 0.32 1.41 12.78 1.93 1.82 2.15 12.33 1.85 1.63 2.18 131
AlAs 2.03 1.84 1.37 11.89 2.99 3.20 2.26 11.53 2.54 3.11 2.24
SiC 5.36 6.33 1.36 15.32 6.30 7.37 2.52 15.23 7.59 2.39
GaN 4.58 1.90 3.38 15.75 6.23 3.49 4.95 15.64 %.30
AIN 7.16 4.20 3.24 14.74 8.58 5.66 5.03 14.86

8Reference 88.
bReference 89.
‘Reference 90.
dReference 91.

Correlations seem to have a weak influence on the energd.16 e\j. Indeed, the importance of the core for reproducing
gaps, as far as we can judge from the available correlatiothe indirect band gap in Ge has been pointed out befde.
functionals. Within an exchange-only EXXJ calculation, These results lead to the question of whether good band
we find the energy gaps to decrease by typicall9.1 eV  gaps may be obtained by carrying out standard LDA calcu-
relative to the EXX results. For example, the minimal gapdations for the valence electrons and by employing pseudo-
within EXX(X) are 1.23, 0.94, and 1.78 eV for Si, Ge, and potentials that are constructed with the EXX scheme. We
GaAs, respectively. By using GGA rather than LDA corre- have performed LDA calculations for several semiconduc-
lations in the solid-state calculation, the energy gaps detors using both LDA and EXX pseudopotentials. The result-
crease slightly by typically 0.2 eV and amount to 0.97, 0.72ing band gaps are summarized in Table Ill. As one can de-
and 1.55 eV for Si, Ge, and GaAs, respectively. duce from these results, especially the direct band gaps at

The physical origin of the excellent agreement betweerof GaAs and Ge are increased significantly relative to a strict
EXX energy gaps and experiment lies in the absence of sell-DA calculation.
interaction and the locality of the exact exchange potential. Finally, we compare the theoretical LDA and EXX
Since the occupied valence states do not “feel” a self-valence-band-widths with the experimental values in Table
repulsion in the EXX method, they become more localizedl. We find the EXX method to predict generally smaller
and are energetically lowered relative to the LDA. Thebandwidths than the LDA, irrespective of the type of pseudo-
Hartree-Fock approach is self-interaction free for the occupotential used. This may be explained by the enhanced elec-
pied states but not for the unoccupied states. The nonlocalition localization induced by the absence of self-repulsion in
of the Fock exchange potential causes the unoccupied statttee EXX method. The only exceptions are the small core
to effectively “see” a different potential electron$ than
the valence statesN(— 1 electrong which gives rise to the
huge energy gap in Hartree-Fock. By contrast, the EXX ex-
change potential is local and state independent, and therefore
the samefor occupied as well as for unoccupied states.

The EXX approach not only shifts all band gaps upwards
in energy, but additionally yields the correct ordering of the
conduction-band minima for all studied semiconductors.
Thus it faithfully reproduces the knowndependence of the
band structure across the whole Brillouin zone. For Si and
Ge, the dispersion relations are depicted in Fig. 4. In the case
of Ge, the differences between LDA and EXX gaps are par-
ticularly stronglyk dependent. Whereas the LDA incorrectly
predicts a direct and negative energy gapl'atthe EXX
method correctly yields the conduction-band minimuntat

Energy [eV]
ll)ooomanonam
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The indirect nature of the energy gap of Ge originates pre- }2 ﬁ_/ \

dominantly in the Ge core. Indeed, by performing a LDA M KU T

calculation for Ge bulk but employing EXX pseudopoten- ’

tials, we already find an indirect band gaplLathat is lower FIG. 4. Band structures for Si and Ge, as calculated within the

than the direct one dt by 0.18 eV(the experimental value is LDA (open circley and EXX (solid lineg methods, respectively.
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TABLE lll. Calculated LDA band gapsin eV) of Si, Ge, and TABLE V. Effective electron masses of various zinc-blende
GaAs atL, I', and X, calculated with EXX pseudopotentials. The semiconductorgin units of the free-electron mass the lowest
numbers in parentheses are the LDA band gaps obtained with LD&onduction-band minima dt, I", or X, or alongA, respectively.

pseudopotentials. For the indirect semiconductors, the longitudinal and trans-
verse (n,) masses are given. Experimental data are taken from Ref.
L r X 73 except for GaN; the latter value is from Ref. 92.
Si 149(143  253(2.56 0.49 (0.69 LDA EXX Expt.
Ge 0.24(0.13 0.42 (—0.09 0.50 (0.79 : )
GaAs 1.11(0.89 0.86 (0.32 1.23 (1.4) Si mj 0.95 0.97 0.92
m} 0.19 0.22 0.19
Ge mp 1.71 1.70 1.57
compounds C and AIN. The results in Table Il indicate that mk 0.07 0.10 0.08
the EXX method slightly overestimates the localization of ¢ mp 1.68 1.59 1.4
valence states, since EXX bandwidths are generally a few md 0.29 0.29 0.36
percent smaller than the experimental values. GaAs my 0.02 0.10 0.07
X
2. EXX and the band-gap problem AlAs m,X 0.84 0.95 L0
m; 0.24 0.27 0.25
The exact(but unknown KS eigenvalue gamgfp of a GaN My 0.17 0.26 0.20
semiconductor differs from the true band dap,,. The lat- AIN mr 0.30 0.36
ter may be defined as the ground-state energy difference be- gjc my 0.68 0.67 0.68
tween theN andN+1 particle system?196° m 0.23 0.26 0.25
Egap=E(N+1)+E(N—1)—2E(N)
3. Effective masses
KS EXX(X KS
=sgap+AXC=egap( )+sgap’c+Axc. (19

Since the KS potential in the EXX approach is local, all
The difference between the true gap and the eigenvalue gagomentum states see the same potential. This greatly sim-
originates in the fact that the exchange-correlation potentiaplifies band-structure calculations relative to Hartree-Fock
changes discontinuously by an amodnt upon adding one  type or GW-type methods®® Therefore, EXX allows one
electron to theN-electron ground state of the semiconductor.to compute effective band masses as easily as the LDA does.
In spite of several intriguing model calculations, the questiont is well known that LDA effective masses agree rather
whether this discontinuitp, . is small or large compared to poorly with experimental data in some materials such as
Egap iS still open>®%°-6824n Eq. (19), we have split umgasp GaAs/%"! Table IV summarizes the effective conduction-
into two contributions, namely, the eigenvalue gap resultindband masses for several semiconductors. Generally, EXX
from a self-consistent exchange-only schdiaXX(X)] and  electron masses are found to be almost equal to or larger than
a term that takes into account the remaining correlationthe corresponding LDA masses and show systematically
related contributions. good agreement with experiment in cases where the LDA

The present results shed some new light on the band-géfils markedly. This is in qualitative accord with standard
problem. First of all, the good agreement between thek-p theory, which predicts band masses to change roughly in
exchange-only EXXX) eigenvalue gaps and experiment, proportion to energy gaps.

Egap~egan ), yields We have also investigated the Luttinger paraméfers
M, andN that characterize the warped structure of the three
Axc~—8§§p,c- (200 topmost valence bands neBr In this paper, these param-

eters were determined numerically by fitting the three-band

With LDA and GGA correlations, one can evaluate the right- p band structur® to the LDA and EXX bands. In units of

hand side of this equation and finds rather small values o 2 . o
. /2m, the triplet (~L,—M,—N) for GaAs is given b
Ay~ —0.1(LDA) and~+0.2 eV (GGA), respectively. (56.56. 4.01’57?7)1 ( e th)e o e b;’

" Rg.ce”“)t’: it.?aAS b_eeA” ihAOW” that‘)t the elchagge‘pﬁ’t?f _(11.20,3.48,11.97within the EXX method. In this case, the

i € |scfotrr1]|nw y tXC_ hX c ca{\ fei]a({%\ﬁ‘.ua? eﬁac YN ExX method agrees substantially better with the experimen-

erms ot the exact exchange potential- L IS given by tal value€® of (15.49,3.94,16.09than the LDA does. In

_ ~NL JTONL , some other materials, however, the EXX method tends to
Ax=(ck|Vy" = Vilek) = vk [Vi "= Vifuk), - (21) predict hole masses that are slightly too heavy which is con-

where |ck) and |vk’) denote the lowest conduction-band Sistent with the trends in the valence band widths in Table II

state and highest valence-band state, respectivelyVarng ~ and Fig. 4.In Si, for example, we find{L,—M, —N) to be
the exact local exchange potential from Eifl). For Si, Ge, diven by  (7.15,4.759.1y  (5.64,3.89,6.85 and
GaAs, we findA, to be very large, namely, 5.48, 4.81, and (6.6.4,4.60,8.6}3 W!thln the LDA, the EXX method, and ex-
5.28 eV, respectivel§! This finding indicates a significant Periment, respectively.

cancellation between the correlation pat and the ex-
change contributiorA, of the discontinuity. Thus, boti,
and the correlation contributiodA . are individually large In this section we will show that the EXX approach not
compared to the true band gap. only yields excellent band gaps but also accurately predicts

4. Dielectric functions
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FIG. 6. Values of the local EXXX) exchange potential,(r) in
Si, plotted vs the corresponding values of the dengfty for a set

FIG. 5. Comparison of the calculated EXX and LDA imaginary of positionsr that sample the unit cell. Since there is a simple local

part of the GaAs dielectric function as a function of enefigyeV) . . : .
) . relation v, an in the LDA, this relation |
with experimental data from Ref. 96. Note that the present calculals ation betweerV, and p in the this relation leads to a

tions do not include spin-orbit-splitting effects that lead to the split—sg?grlﬁi;gr;fe foi:/ézeinl'g\f _\ll_vhh;c: ;i;jleg)\ll(;t;d ;Zroi?r?; pg%?&:aA"
ting in the experimentaE; peak. b 9 : P g

LDA exchange potential have been set to zero.

optical properties such as dielectric functions and reflectivisity], the corresponding values of the exchange potential in
ties. Figure 5 depicts a representative example, namely, thi@e unit cell may differ by as much as 4 eV in Si. Interest-
imaginary part of the dielectric function of GaAs, which is ingly, the LDA mimics the average density dependence of

given by V,(r) quite well. Both the exact and LDA potentials become
more attractive when the density increases, but this trend is
A72e?h? less pronounced for the LDA potential. Qualitatively similar
go(w)= 00 %( [(vk|p|ck)|?8(hw—&q—£4k), findings hold for all eight semiconductors studied in this pa-
w v

per.
(22) The spatial variation of the exchange potentials along the

where p is the momentum operator. We have neglecteo[lll] direction in Si and GaAs is shown in Fig. 7. As one

exchange-correlation, local-field and nonlocal pseudopoterzd" s;ee, L[;]A or GGA potA(\a”ntcijaIs' shcc;w clharacterisr:ic devia-
tial effects in this expression since they are known to hav&!ons from the exact one. epicted valence exchange po-

only a minor effect on the peak positioffs”®For thek sum- f[ential_s_are attractive in_the bond regions and repulsive in t_he
mation in Eq.(22), 328k points in the irreducible wedge of interstitial and core regions. The LDA e>_<ch§nge potential is
the Brillouin zone were taken into account. It is apparentmUCh smoother than the exact one, Wh'Ch IS a consequence
from Fig. 5 that the position of the EXX calculated absorp-Of the self-rt.epullsmrj thgt plagues this apprOX|.mat|on. The
tion edgeE, as well as of the two prominent peaks labeled °CA potentlal_ IS 5'9'?'T"?a”"y more accurate in the bo_nd
E, and E, are much closer to the measured data than th egion but exhibits artificial peaks in regions of low density
LDA. As is well known, ak-independent scissors operator see also Refs. 78 and 79

correction to the LDA band structure cannot achieve such an
improvement?® In accord with other calculatiorf$;”>"" the
height of theE,; peak still does not fit the experimental one
very well, which may be caused by the neglect of excitonic,
many-body, and surface effects.

[111] direction =

D. Comparison with approximate exchange functionals

In this section, we will assess the accuracy of various
approximate exchange-related KS functionals by comparing
their values for different densities to the values of the exact
EXX functionals. To be consistent, all calculations in this
section have been carried out by setting all correlation func-
tionals equal to zero. This also applies to the LDA and GGA
calculations. We have employed exact exchange-only
[EXX(X)] semilocal, norm-conserving pseudopotentials
throughout? except for Si, where a local pseudopotential
has been used. As noted above, the latter serves as a test of
the EXX scheme with a strictly local external potential
which is a formal requirement of KS theory. All GGA results
are based on the functional proposed by Betkeher pub-
lished functional%® yield very similar results.

In contrast to the LDA, the exact exchange potential Eq. g5 7. Comparison of the exact EXX], LDA, and GGA
(11) is not a simple function of the local densipfr). Con-  exchange potentials in Si and GaAs along the bond #xi1]
sequently, there is no simple local relation between the valgirection. The positions of the nearest-neighbor atoms are indi-
ues of the density and the exchange potenfiglr) at any  cated by black circles. The LDA and GGA potentials have been
given point in the unit cell. Figure 6 shows that, for given evaluated with the EXXX) density. The spatial average values of
values of the densit}i.e., the self-consistent EXX() den-  all exchange potentials have been set to zero.
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relative error [%]

8
Si C SiC Ge GaAs AlAs GaN AIN

FIG. 9. Relative deviationén percent of LDA and GGA (Ref.

4) exchange energies from the exact EXX(values for various
semiconductors. Solid symbols denote self-consistent exchange-
only results, and open symbols refer to energies evaluated with the
density pEXXX),

Importantly, LDA and GGA exchange energies change
only slightly when evaluated at the EXXJ densityp®**),

This shows that the main part of the error both in the LDA
and GGA originates directly in the enerfynctionaland not
in the densitythat affects the energy indirectly.

In Table V, we list the individual contributions to the total
energy Eq(3) of GaAs within the EXXX), LDA, GGA, and
Hartree-Fock methods, respectively. The results are also

FIG. 8. Contour plots of the calculated density differencestypical of the other semiconductors that have been studied
pEXXX) (1) — pLPA(r) for Si and GaAgin units of electrons per unit here. The LDA is seen to underestimate the absolute values
cell), respectively. The grey scales run fron8 (black areasto —3  of the kinetic energy, Hartree energy, exchange energy, and
(white areas White lines separate regions with positive and nega-electron-ion interaction energy by about 1-2 eV/atom, which
tive density differences, and mark the zero contour line. All resultspredominantly results from the LDA densities being too ho-
have been obtained with exchange only calculations. mogeneous. The GGA results, on the other hand, are much

closer to the EXXK) values.

Figure 8 shows contour plots of the differences between Since the self-consistent EXX) and Hartree-Fock elec-
the self-consistently computed valence charge densitiegon densities are almost identical, the Hartree and the
pEXXX(r) and p'PA(r). Analogously to the exchange po- electron-ion interaction energies exhibit very little difference
tentials, the LDA densities are more homogeneous than thie these two methods. The kinetic energy and the exchange
EXX(X) densities, while the GGA densities resemble theenergy, on the other hand, differ by a larger amount from
latter more closely. This is most pronounced in the bondeach other. The reason for this lies in that the KS and
regions. The same trend has been found before imartree-Fock determinants differ from one another even
atoms36374880A5 has been found before in atofi$*we  when they yield identical densities. For a given density, the
obtain Hartree-Fock densities that are nearly identical to th&S determinant minimizes the kinetic energdf, whereas
EXX(X) densities. the Hartree-Fock determinant minimizes the expectation

We now turn to an assessment of exchange and total eRalue(T+ Vet Veyy. AS a consequence, the kinetic energy
ergies. In principle, the accuracy of any approximate energyr_ of the KS determinant is lower than that of the Hartree-
functional E*PP p] can be checked in two ways. One may Fock determinant. The exchange energy, on the other hand,
determine the deviation from the exact functioBaf’{p] at  turns out to be lower in the Hartree-Fock approach than in
a given, fixed, reference densitg*), for example. Al-  the EXX(X) approach, which is consistent witkEH"
ternatively, one may determine the self-consistent density- gEXX(X).
p2PP (which carries implicitly information on the potential o .
obtained in the approximate methoahd compare the self- TABLE V. Calculated _contrlbutl_ons to the total_ener@/m
consistently calculatedEaP7[ paPP] with the exact value GaAs in eV/atom, as obtained by different self-consistent methods.

EExx[pExx(x)]_ We have carried out both types of compari- Correlations are consistently set to zero in all cases. The symbol

HF _ At ;
sons for the LDA and GGA exchange energy functionals forT denotes the Hartree-Fock kinetic energy, wheréass the

eight semiconductors, and the results are given in Fig. 9. Thk'net'c energy in the EXXX), LDA, and GGA method, respec-

approximate(LDA and GGA) functionals were evaluated vely.

both at the reference den_sitip%xx(x) and at the correspond- EXX(X) LDA GGA HE

ing self-consistent densitiep{°* and p©©4), respectively.

We find the LDA exchange energies to be too small by T, T"F 40.63 39.60 40.94 40.72
4-7%, whereas the GGA exchange energies deviate fromEy, 10.89 9.84 10.80 10.88
the exact values by typically 1%, no matter which density is E,,E/F, —28.99 —27.07 —28.81 —29.17
used. One reason is that GGA exchange functionals benefitg/, -19.13  -1753 -1941  -19.12
from error cancellations between different spatial regﬁ?ns. E/ —-11459 —11459 —11459 —114.59
The corresponding errors in atomic GGA exchange energiesg ~-111.19 -109.74 —111.07 —-111.28

are of the same order of magnitutfe'®:65:80.82.83
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TABLE VI. Predicted electronic properties of Ge, as obtainedbetween the two approaches lies in the energy gaps, how-
within the EXX method(first column, the KLI method(third col- ever. In Si, Ge, and GaAs, we obtain EXX gaps that are
umn), and the EXX method with KLI rather than consistéBiXX) larger than the KLI gaps by 0.4-0.5 eV.

pseudopotentialésecond columy respectively. These conclusions do not change much when the valence
andcore electrons are treated within the same apprédth
valence EXX EXX KLI? or EXX). For Si and Ge, respectively, the consistent KLI
pseudopot. EXX-PP KLI-PP KLI-PP @ cohesive energies lie 0.8 and 0.4 eV per atom below the
o consistent EXX ones. Also, the EXX band gaps substantially
—EP® (eV/atom 107.3 107.1 exceed the KLI values.
Econ (€V/atom 3.0 2.8 2.6
a, (A) 5.63 5.63 5.67 V. SUMMARY AND CONCLUSIONS
BE (Mban) 1.00 1.00 0.99 A self-consistent first-principles method has been pre-
Egap (V) 1.01 1.16 0.77 sented that goes beyond the standard local-density approxi-
Egap (€V) 1.28 1.56 1.26 mation in a rigorous and systematic fashion. It treats the
local exchange potentidl,(r) and the exchange energy,
“Reference 39. of Kohn-Sham density functional theory exactipe EXX
schemé The ion core potentials have been calculated in a
E. Comparison with KLI method consistent EXX pseudopotential framework, and correlations

have been treated within the LDA or GGA. The scheme
t%%i)elds a local multiplicative total potential which allows one
carry out extensive band-structure calculations with a

Krieger, Li, and lafrat?® developed an approximation to

the exact exchange potential that has been applied
36 4 ialli 5

atoms’ molecule$*  jelium  clusters and 1 oderate computational cost,

semlc'onductor§‘? 40_” is based on a simplification of the  the major success of this method lies in the finding that it
OEP integral eq_uatlo?ﬂ where the energy denominators in predicts both the eigenvalue gaps throughout the Brillouin
the Green function are replaced by a constant. While thisgne effective masses, and cohesive properties in very good
approach agrees with the EXX method in atoms very well, itggreement with experiment. In addition, the EXX scheme
is still an open question how well it compares to the EXX allows one to assess approximate exchange functionals such
method in solids. Here, we compare the results of three difas the LDA and GGA quantitatively. Generally, GGA ex-
ferent approaches, namely, EXX, KLI, and EXX with KLI change and total energies are found to be significantly closer
pseudopotentials. In all of these cases, LDA correlationsgo the exact values than the corresponding LDA results. Fi-
have been used. The latter two approaches allow one to dirally, we find the exchange patt, of the discontinuityA,
rectly compare the KLI versus EXX treatment of the valenceto be 3-5 times the experimental band gap.

electrons, since the same KLI pseudopotentials are

employed® For the example of Ge, the results are summa- ACKNOWLEDGMENTS

rized in Table VI. We are indebted to L. Kleinman and M. Bylander for

With KLI pseudopotentials, we find the EXX total ener- sending us their KLI pseudopotentials, and to E. Engel for
gies to be lower than the KLI total energies. In the exchangemaking his OEP results for jellium spheres available to us
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