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Exact exchange Kohn-Sham formalism applied to semiconductors
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We present a Kohn-Sham method that allows one to treat exchange interactions exactly within density-
functional theory. The method is used to calculate lattice constants, cohesive energies, Kohn-Sham eigenval-
ues, dielectric functions, and effective masses of various zinc-blende semiconductors~Si, Ge, C, SiC, GaAs,
AlAs, GaN, and AlN!. The results are compared with values obtained within the local-density approximation,
generalized gradient approximations, the Krieger-Li-Iafrate approximation for the Kohn-Sham exchange po-
tential, and the Hartree-Fock method. We find that the exact exchange formalism, augmented by local density
or generalized gradient correlations, yields both structural and optical properties in excellent agreement with
experiment. Exact exchange-only calculations are found to lead to densities and energies that are close to
Hartree-Fock values but to eigenvalue gaps that agree with experiment within 0.2 eV. The generalized gradient
approximations for exchange yield energies that are much improved compared to local-density values. The
exact exchange contribution to the discontinuity of the exchange-correlation potential is computed and dis-
cussed in the context of the band-gap problem.@S0163-1829~99!05515-0#
ed
n-
a

r
of

he
sy
-

ity
th

o

T
it

-

d
th
S
n

he
r t

de

or

ent
it
ds to
the

der-

d
v-

ave
ted

,
n

t
goal
as

e-
en-
e-

ent
nal
p-
be

EP
ap-
this
ap-

es
e

I. INTRODUCTION

Density-functional theory has proven to be an exce
ingly powerful tool for predicting material properties qua
titatively. It is centered around a variational principle th
states that the ground-state energyE@r# of a many-body sys-
tem is a functional of the densityr and becomes minimal fo
the ground-state density.1 The best-established realization
density-functional theory is the Kohn-Sham~KS! method,
that maps the many-body problem onto a set of Schro¨dinger-
type KS single-particle equations that yield, in principle, t
exact ground-state energy and density of the many-body
tem. The functionalE@r# contains a nonclassical contribu
tion, namely the exchange-correlation energyExc@r#. Its
functional derivative with respect to the electron dens
r(r ) is the KS exchange-correlation potential. It enters
KS equations as a multiplicative potentialVxc(@r#;r ).1

The central challenge for any practical implementation
KS theory is to approximateExc@r# andVxc@r# in a way that
yields accurate results for atoms, molecules, and solids.
exchange-correlation energy is conventionally split into
exchange and correlation contributionsEx@r# and Ec@r#,
and consequently,Vxc@r# may also be divided into the ex
change and correlation partsVx@r# andVc@r#, respectively.
Up to now, neither of these potentials has been exactly
termined for an extended system, in spite of the fact that
exchange energy is explicitly known in terms of the K
single-particle wave functions. However, it is yet unknow
how to evaluate its functional derivative with respect to t
density. In this paper, we present an exact expression fo
local KS exchange potentialVx(@r#;r )5dEx@r#/dr(r ), and
calculate it for several semiconductors that range from wi
gap to small-gap materials.

The most commonly employed approximations f
Exc@r# and Vxc@r# are the local-density approximation1
PRB 590163-1829/99/59~15!/10031~13!/$15.00
-

t

s-

e

f

he
s

e-
e

he

-

~LDA ! and several variants of the generalized gradi
approximation1–10 ~GGA!. Both types of schemes exhib
characteristic deficiencies when one applies these metho
real systems. Indeed, the LDA is known to overestimate
binding energy of molecules and solids considerably,1,11

whereas the GGA overestimates lattice constants and un
estimates the bulk moduli of semiconductors.12–14 Both the
GGA and LDA grossly fail to predict experimental ban
gaps of solids,15–20 as well as the correct asymptotic beha
ior of Vxc(r ).1

Several density-functional schemes beyond the LDA h
been developed, such as self-interaction correc
methods,21,22 the weighted-density approximation,23,24 or the
average Fock approximation.25,26 They attempt to improve
both Vx@r# and Vc@r#, albeit approximately. Alternatively
since Ex@r# can be evaluated exactly and is typically a
order of magnitude larger thanEc@r#, one might attempt to
find a way to calculateVx@r# exactly. This is the concep
that we pursue in the present paper. For free atoms, this
was already achieved a long time ago by what is known
the optimized effective potential~OEP! method.27 The OEP
formalism was originally meant to approximate the Hartre
Fock method by constructing a local potential whose eig
functions minimize the expectation value of the Hartre
Fock Hamiltonian. Only later was it recognized to repres
an exact exchange-only KS method within density-functio
theory.28 Unfortunately, the original OEP scheme is only a
plicable to spherical finite systems where the potential can
chosen to approach zero asymptotically.

Therefore, a straightforward generalization of the O
scheme for solids is not possible. Nevertheless, several
proximate approaches have been developed to extend
method to solids. One approach used a spherical shape
proximation for the potential, and treated the ion cor
nonrelativistically,29–33 and the other one approximated th
10 031 ©1999 The American Physical Society
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10 032 PRB 59STÄDELE, MOUKARA, MAJEWSKI, VOGL, AND GÖRLING
one-particle Green function by replacing eigenvalue diff
ences by a constant.34,35The latter approximation—known a
the Krieger-Li-Iafrate~KLI ! method—was shown to affec
OEP results for atoms only negligibly.34,36,37 Importantly,
both schemes yielded encouraging results for band struct
in semiconductors and insulators.33,35,38–40

We have developed a scheme—termed the exact
change~EXX! method31—that yields an expression for th
KS exchange potential that can be evaluated exactly,
gether with the exact exchange energy. This method requ
approximations solely in the treatment of correlations a
thus represents a systematic step beyond the LDA.

Effectively, we solve the OEP equations in a way that
free of shape approximations for the potential, eliminates
singularities, and is adapted to periodic boundary conditio
Furthermore, this scheme allows one to calculate the disc
tinuity Dx of Vx(r ) explicitly upon the addition of an
electron.41 The present implementation of the EXX metho
relies on the use of consistently generatedab initio relativis-
tic and norm-conserving EXX pseudopotentials.42 As we
shall show below, such a treatment of the atomic core
crucial for elements with intermediate and large cores.

This paper is organized as follows. In Sec. II, we outli
the EXX method for solids. Section III addresses the EX
pseudopotentials, as well as computational issues and
vergence checks. Section IV presents EXX results for co
sive properties, KS eigenvalues, effective masses, and op
response functions in zinc-blende semiconductors, and c
pares them with results obtained with approximate excha
methods such as LDA, GGA, KLI, and Hartree-Fock. F
nally, the paper is summarized in Sec. V.

II. THEORY OF EXACT EXCHANGE

The EXX formalism allows one to calculate the local K
exchange potentialVx(r ) exactly. Before we present thi
scheme, we briefly summarize the relevant key points of
KS framework. Throughout, we focus on perfect bulk sem
conductors and insulators. Since the present implementa
of the EXX formalism is based onab initio relativistic
pseudopotentials, only the valence electrons are treated
plicitly. We note, however, that this scheme is applicable
any type of electronic system,43,44 and can be easily genera
ized to the all-electron or spin-polarized case.

KS density-functional theory1 maps an interacting elec
tron system onto a noninteracting one~termed the KS sys-
tem! with the same ground-state densityr(r ). For systems
with a nondegenerate ground state, the corresponding w
function is a Slater determinant built of KS orbitals whic
are obtained from the single-particle KS equations

F2
\2¹2

2m
1VKS~r !Gwnk~r !5«nkwnk~r !, ~1!

with a local effective potentialVKS(r ). In a periodic solid,
the KS orbitalswnk(r ) are Bloch states with band indexn,
wave vectork, and eigenenergy«nk . The ground-state~va-
lence! densityr(r ) is given by

r~r !52(
vk

uwvk~r !u2. ~2!
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Here thek sum extends over all vectors in the first Brillou
zone, and the indexv labels the occupied valence band
Spin-orbit coupling is neglected in this paper, which give
factor of 2 for spin degeneracy. The ground-state energE
may be partitioned in the following way:45

E5Ts@r#1Eei8 @r#1EH8 @r#1Ex@r#1Ec@r#1Eii8 , ~3!

whereTs@r#, Eei8 @r#, EH8 @r#, Ex@r#, Ec@r#, and Eii8 de-
note the kinetic energy, the electron-ion interaction ener
the classical Hartree energy, the exchange energy, the c
lation energy, and the ion-ion interaction energy of the K
system, respectively. The primes indicate that the diverg
contributions—that exactly cancel in an infinite neutr
system—have been removed. With this notation, the KS
tential in Eq.~1! reads

VKS~r !5
d

dr~r !
~Eei8 @r#1EH8 @r#1Ex@r#1Ec@r#!

5Vext~r !1VH~r !1Vx~r !1Vc~r !, ~4!

where each potential term represents the functional der
tive of the corresponding total energy contribution with r
spect to the density. The functional derivative of t
electron-ion energy*dr r(r )Vext(r ) is taken for a fixed ex-
ternal potentialVext . The exchange potential is given by1

Vx~r !5
dEx@r#

dr~r !
,

Ex@r#52
e2

2 (
vv8kk8

E E drdr 8

3
wvk* ~r !wvk~r 8!wv8k8~r 8!wv8k8

* ~r !

ur2r 8u
. ~5!

Note that the only difference between the KS and
Hartree-Fock exchange energy is that the latter quantit
calculated using Hartree-Fock rather than KS orbitals.

In most practical calculations, both the exchange and c
relation energy have been approximated so far. The m
common approach is the local-density approximation,

Ea
LDA@r#5E r~r !«a

LDA@r~r !#dr , ~6!

wherea5x or c and«a
LDA(r) is the exchange or correlatio

energy per particle in a homogeneous electron gas with c
stant density r. Alternatively, one employs the GGA
scheme,

Ea
GGA@r#5E r~r !«a

GGA@r~r !,¹r~r !, . . . #dr , ~7!

where «a
GGA is constructed to obey various sum rules a

other known exact properties ofExc@r#.1–9,46

The difficulty in calculating the exactVx(r ) lies in the
fact thatEx@r# in Eq. ~5! is explicitly known only in terms of
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the KS orbitals but not in terms of the densityr(r ). Unfor-
tunately, the explicit dependence of the KS orbitalswnk@r#
on the density is totally unknown. Therefore,Vx(r )
5dEx@r#/dr(r ) cannot be calculated straightforwardly.

Nevertheless, this functional derivative can be determi
explicitly by noting that it is sufficient to determine the in
d

finitesimal ~first-order! change in the exchange energ
dEx@r#, with respect to an infinitesimal~charge-conserving!
changedr(r ) in the density. The central idea of the EX
method44 is to split the functional derivative in Eq.~5! into
separate terms, each of which can be calculated exactly
employing the chain rule, we can write
rst

analogy

integral

he

onsider
and we
Vx~r !5
dEx@r#

dr~r !
5(

vk
E dr 8E dr 9F dEx@r#

dwvk~r 8!

dwvk~r 8!

dVKS~r 9!
1c.c.GdVKS~r 9!

dr~r !
. ~8!

All three functional derivatives on the right-hand side of Eq.~8! are directly accessible, as we will outline below. The fi
one is obtained by straightforward differentiation ofEx@r# in Eq. ~5!, and reads

dEx@r#

dwvk~r 8!
52e2(

v8k8
E dr 1

wv8k8
* ~r 8!wvk* ~r 1!wv8k8~r 1!

ur 12r 8u
. ~9!

The second one is the first-order change in the KS orbitals induced by an infinitesimal change in the KS potential. In
to first-order perturbation theory, one obtains

dwvk~r 8!

dVKS~r 9!
5 (

n8k8Þvk
wn8k8„r 8…

wn8k8
* ~r 9!wvk~r 9!

«vk2«n8k8

. ~10!

Insertion of Eqs.~9! and ~10! into Eq. ~8! leads to

Vx~r !5E dr 8(
vck

F ^vkuV̂x
NLuck&

wck* ~r 8!wvk~r 8!

«vk2«ck
1c.c.GdVKS~r 8!

dr~r !
, ~11!

where^r uck&5wck„r … are the unoccupied conduction-band KS orbitals. Note that the nonlocal operatorV̂x
NL has the same form

as the Hartree-Fock exchange operator but is built of KS rather than Hartree-Fock orbitals. In real space it is an
operator with the kernel

Vx
NL~r ,r 8!52e2(

vq

wvq~r !wvq* ~r 8!

ur2r 8u
, ~12!

and in reciprocal space it reads

Vx
NL~k,G,G8!52

4pe2

V (
vqG1

Cvq~G1G1!Cvq* ~G81G1!

uq2k1G1u2
, ~13!

whereG,G8, andG1 denote reciprocal-lattice vectors,Cvq(G)5^q1Guvq& is the plane-wave expansion coefficient of t
Bloch functionuvq& associated withG, andV is the crystal volume. The third remaining functional derivative in Eq.~8! is the
first-order change in the KS potential induced by a small change in the density. In order to calculate it, it is easier to c
the inverse functional derivative, since it can be obtained from linear response theory of independent particles
determine this quantity first. One has

dr~r !

dVKS~r 8!
5x0~r ,r 8!,

x0~r ,r 8!52(
vck

wvk* ~r !wck~r !wck* ~r 8!wvk~r 8!1c.c.

«vk2«ck
. ~14!
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10 034 PRB 59STÄDELE, MOUKARA, MAJEWSKI, VOGL, AND GÖRLING
We require that a first-order change in the KS poten
always induces a change in the density that is also of
order. In this case, the Hohenberg-Kohn theorem guaran
a one-to-one mapping betweendr(r ) anddVKS(r ).44 How-
ever, this mapping excludes constant potential changes, s
a rigid potential shift has no effect on the wave functions a
the density. With Eq.~14!, this implies that one has

E dr 8x0~r ,r 8!50. ~15!

Thus the mappingx0 cannot be inverted, and we need
consider a restricted function space that excludes cons
changes of the KS potential. This is most easily achie
through a Fourier expansion, which leads to47

dr~G!5(
G8

x0~G,G8!dVKS~G8!,

x0~G,G8!5
4

V (
vck

^vkue2 iGruck&^ckueiG8ruvk&
«vk2«ck

. ~16!

All charge-conserving changes in the density lie within t
subspaceGÞ0. In addition, the subspaceG8Þ0 excludes all
constant potential changes. Therefore, the submatrix ofx0

with both G andG8Þ0—that we denote byx̃0—is regular,
and can be inverted unambiguously. After a straightforw
transformation of Eq.~11! to reciprocal-lattice space, we a
rive at the following exact expression for the exchange
tential in Eq.~5!:

Vx~G!5 (
G8Þ0

@E~G8!1E* ~2G8!#x̃0
21~G,G8!,

E~G!5
2

V (
vck

^vkuV̂x
NLuck&^ckue2 iGruvk&

«vk2«ck
. ~17!

In a self-consistent Kohn-Sham calculation, both quanti
x̃0(G,G8) andE(G) in Eq. ~17! have to be updated in eac
step of the iteration cycle. For a system with inversion sy
metry, one hasE* (2G)5E(G). The present formalism
does not yield the spatial average of the exchange poten
i.e., its G50 component. Indeed, exchange-correlation p
tentials are defined only up to an additive constant in the
formalism with a fixed particle number.Vx(G50) does not
enter the total energy or eigenvalue differences, and will
set to zero in the remainder of the paper without loss
generality.

By construction, the exact exchange energy cancels
self-interaction contributions in the Hartree energy. The
fore, a calculation of the exact exchange potential Eq.~17!
yields a realization of KS theory that is rigorously se
interaction free, in contrast to the LDA and GGA. In add
tion, expression Eq.~17! satisfies all scaling relations an
asymptotic convergence laws that are known for the KS
change potential.48,49 Even though Eqs.~11! and ~17! show
that the value ofVx(r ) at any pointr depends on the KS
wave functions and eigenvalues in the whole unit cell,
locality of the exchange potential significantly simplifie
band-structure calculations, since it is independent of
Bloch wave vector.
l
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In atoms, the analog of the present EXX formalism
known as the optimized effective potential scheme, as
pointed out in Sec. I.27 It is based on an integral equation th
can be derived by acting with the operatordr/dVKS on both
sides of Eq.~11!. So far, this integral equation has only be
solved for finite spherical systems, whereVx(r ) can be cho-
sen to vanish asymptotically. This is related to the div
gency of the full inversex0

21 , as expressed by Eq.~15!. By
contrast, the present reciprocal-space formalism elimina
this divergency exactly.

We would like to emphasize that there is an importa
conceptual difference between the EXX exchange sche
and the Hartree-Fock scheme. In the Hartree-Fock form
ism, the single-particle equations contain anonlocal ex-
change potential, and they provide an approximate solu
of the many-electron problem. By contrast, the EXX form
ism leads to alocal exchange potential and provides, in pri
ciple, an exact solution if it is augmented by the exact c
relation potential. Finally, we point out that the procedu
outlined in Eqs.~8!–~17! can be applied not only to the KS
realization of density functional theory but also to gener
ized KS schemes;50 the present procedure allows one to ta
the functional derivative of any orbital dependent express
with respect to the electron density.

III. COMPUTATIONAL DETAILS

A. Pseudopotentials

We have implemented the EXX scheme within the sca
relativistic pseudopotential framework. From a rigoro
density-functional point of view, the external~pseudo!poten-
tial Vext(r ) should be local. We have, therefore, employ
local51 as well as semilocal pseudopotentials. For the lat
we have used the Troullier-Martins procedure52 to determine
consistent EXX pseudopotentials42 based on atomic EXX
calculations. For comparison, we have also employ
Bachelet-Hamann-Schlu¨ter LDA as well as KLI
pseudopotentials.52,38,40

All nonlocal pseudopotentials include angular moment
componentsVl

ion up to l 52, and we have chosen the cuto
radii r c to be independent ofl. In the present calculations, th
valuesr c

Si,Ga,As52.2, r c
Al,Ge51.9, r c

N51.7, andr c
C51.5 in

units of Bohr radii were used. They are either equal to
smaller than previously applied values.53

It has been noted before40,42 that EXX and KLI ionic
pseudopotentials for atoms of valencyZ converge rather
slowly to 2Ze2/r outside the core radius, as opposed
LDA pseudopotentials. A measure of this convergence
given by

a5E
b

`

4pr 82UVl
ion~r 8!1

Ze2

r 8
Udr8, ~18!

where the parameterb has to be chosen larger thanr c . We
have chosen the pseudopotential cutoff radiir c such that the
values ofa are kept as small as possible. The optimum v
ues for r c do not depend significantly on the parameterb,
which therefore has been set to 2.8 Bohr radii in all cases
addition, we have followed the procedure of Ref. 39 and
off the tails beyond a certain ionic radiusr 0 that was set to
approximately half the bond length in the corresponding
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emental materials. In units of Bohr radii, we have chos
r 052.5 for Si, Ge, Ga, and As,r 052.2 for Al, andr 052.0
for C and N, respectively. Fortunately, the calculated so
state results have been found to be insensitive to this cu
a variation ofr 0 by 60.3 Bohr radii changes lattice constan
typically by &0.01 Å , cohesive energies by&0.2 eV/atom,
and band gaps by&0.05 eV.

B. Convergence of solid-state properties

The nonlocal exchange integrals inEx@r# and Vx(r ) in
Eqs.~5! and ~17! contain an integrable Coulomb singulari
that we have taken into account analytically, following R
54. This greatly reduces the number of wave vectorsk re-
quired for Brillouin-zone integrations. We have perform
calculations with up to 28 specialk points for the eight semi-
conductors studied in this paper. For these materials, h
ever, tenk points already guarantee convergence of
change energies to&0.05 eV/atom~i.e., within 0.1%! and
band gaps to 0.02 eV. Therefore, we have used tenk points
throughout.

The kinetic-energy cutoffs used for the presently stud
materials were chosen to be 25 Ry~Si, Ge, GaAs, AlAs!, 45
Ry ~GaN, AlN!, 50 Ry ~SiC!, and 65 Ry~C!, respectively.
We have carefully checked that these values suffice to y
a plane-wave convergence error smaller than&0.01 eV for
band gaps, and of&0.01 eV/atom for exchange and tot
energies. In Eqs.~16! and ~17!, all unoccupied states~be-
tween 570 and 800! included in the Hamiltonian have bee
taken into account. The dimension of the matrixx̃0 has been
set to typically half the value for the Hamiltonian matri
This gives plane-wave cutoffs forx̃0 of 14 Ry~Si,Ge!, 16 Ry
~GaAs, AlAs!, and 34 Ry~C, SiC, GaN, AlN!, respectively,
and guarantees convergence ofall matrix elements
x̃0(G,G8).47 We note that the corresponding cutoffs used
standard GW calculations55,56 are usually considerably
smaller.

We have estimated the scaling of the method with resp
to the number of basis functions and atoms in the unit c
With fast Fourier transform or real-space techniques,
EXX calculation roughly scales asNv

2NcNk
2N where

Nv ,Nc ,Nk , andN are the numbers of valence bands, co
duction bands, specialk points, and basis functions, respe
tively. An EXX calculation for systems with large unit cel
is comparable to aGW ~Ref. 56! calculation. As noted
above, the locality of the exchange potential in the EX
method renders the calculation of a band structure very
cient.

IV. EXX RESULTS AND DISCUSSION

As shown in Sec. III, it is possible to determine the ex
KS exchange potential explicitly. This is not the case for
correlation potential. In order to obtain realistic prediction
however, correlations need to be included in a self-consis
total-energy calculation. We have, therefore, performed
culations both with and without several model correlati
functionals and will adopt the following notation. We wi
term a calculation ‘‘EXX’’ if it is carried out self-
consistently with the exact exchange potential@Eq. ~17!# and
exchange energy@Eq. ~5!# and with the standard LDA corre
n

-
ff:
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-
-
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ld

ct
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n

-

fi-

t
e
,
nt
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lation potential.22 If correlations are omitted in the self
consistent ground-state calculation, on the other hand,
term the method ‘‘EXX(X). ’’ In all other cases, the correla
tion functional is specified explicitly such as ‘‘EXX~GGA!’’
if a GGA correlation functional57 is employed. Often, we
compare to self-consistent LDA calculations that use b
the standard LDA exchange and correlation functional; th
calculations are denoted by ‘‘LDA.’’ Except when noted ot
erwise, we have always usedconsistentpseudopotentials in
the sense that they have been constructed with the s
Hamiltonian in the atom as is employed in the solid.

A. Lattice constants and bulk moduli

In Fig. 1, we compare the lattice constants as obtained
the LDA and EXX methods with the experimental values.
is well known, self-consistent LDA pseudopotential calcu
tions yield lattice constants in very good agreement w
experiment, provided the so-called nonlinear co
corrections58 in the exchange and correlation potentials a
included. Otherwise, LDA calculations underestimate latt
constants by 1–3 %, as shown in the figure.

The lattice constants predicted by the EXX method g
erally agree as well with experiment as the LDA ones,
average deviation for the eight semiconductors in Fig. 1
ing 0.8% and 0.6%, respectively. This good agreemen
obtained in spite of the fact that the EXX calculations do n
include a nonlinear core correction.58 Since this correction
vanishes for the Hartree-Fock method, where the poten
can be rigorously divided into a core and valence contri
tion, we expect this correction to be small for EXX as we

In order to study separately the effect of the exact
change functional on the core and valence electrons, res
tively, we have performed the LDA solid-state calculatio
using either LDA~labeled LDA in Fig. 1! or EXX pseudo-
potentials @labeled LDA~EXX-PP!#. In the latter case, we
find an increase and overall overestimate of the lattice c
stants compared to the former approach. This can be ph
cally understood as follows. Since the EXX scheme is s
interaction free, an atomic EXX calculation causes the c
electrons to screen the nucleus more efficiently than in
LDA. Accordingly, EXX pseudopotentials are less attracti
than LDA pseudopotentials and therefore yield larger latt

FIG. 1. Relative deviations~given in percent! of self-
consistently calculated LDA and EXX lattice constants of vario
semiconductors from the experimental values that are taken f
Refs. 73, 87, and 93. The results denoted by LDA~NLCC! and
LDA ~EXX-PP! were obtained with LDA pseudopotentials that i
clude nonlinear core corrections~see Ref. 58! and EXX pseudopo-
tentials, respectively.



m

a
e
ti

om
fe
ct
e
la
lf

in
th
to

hi
n
ti
e

nd
us
de
x

la
ul

pe

av
om

al

ve
t

er
e

b
r.

lop
i-
en-
t

tely,

nd
tal
and-
lts,
ent
han
are
ch
ich

dra-
al
6.4,
ly

h
r-
rd

X,
s

tter
s to
only

nd
-
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constants. Clearly, this effect is more pronounced for ato
with a larger number of core electrons~which increases in
Fig. 1 from left to right!.

If one uses the EXX method for the valence electrons
well, on the other hand, the absence of the unphysical s
repulsion causes the valence charge density to shrink rela
to the LDA valence density, and to counteract the effect fr
the core electrons. For small core ions, the valence ef
dominates, whereas, for the large core ions, the core effe
more pronounced. This explains the trends in the EXX v
sus LDA lattice constants in Fig. 1. We note that simi
trends have been obtained in LDA calculations with se
interaction-corrected pseudopotentials.59,60

The calculated EXX bulk moduli are summarized
Table I for a few selected materials, and compared to
LDA as well as to experiment. The EXX method is seen
overestimate experimental bulk moduli by about 20%. T
originates mostly in the valence electrons, since we fi
LDA calculations with EXX pseudopotentials to underes
mate the experimental bulk moduli by 5–10 %. It has be
noticed before61 that valence-electron correlation effects te
to reduce Hartree-Fock bulk moduli by typically 20%. Th
a treatment of correlations beyond the LDA might be nee
for obtaining more accurate bulk moduli in an exact e
change calculation.

B. Cohesive energies

Figure 2 compares the EXX and EXX~GGA! cohesive
energies with results from LDA and Hartree-Fock calcu
tions and with experimental data. Whereas the LDA res
exhibit the well-knownoverbindingeffect, and overestimate
the experimental data by 0.6–2.1 eV/atom, the EXX~GGA!
cohesive energies are seen to agree excellently with ex
ment.

To assess the origin of this good agreement, we h
computed cohesive energies with related methods for c
parison. We find that EXX(X), i.e., the EXX method without
correlations, leads to cohesive energies that are virtu
identical to Hartree-Fock values~cf. Fig. 2!. Once one adds
either LDA correlations or GGA correlations, the cohesi
energies systematically increase and become closer to
experimental values. With LDA correlations, cohesive en
gies are still underestimated by 0.5–0.8 eV/atom, wher
GGA correlations produce those excellent EXX~GGA! re-
sults shown in Fig. 2. Similar findings have been reported
adding a GGA correlation functional to the Fock operato62

TABLE I. Theoretical LDA and EXX lattice constants~in Å!
and bulk moduli~in Mbar! of Si, Ge, and GaAs, compared wit
experimental data~taken from Ref. 73 except where noted othe
wise!. The LDA values include nonlinear core corrections acco
ing to Ref. 58.

LDA EXX Expt.
a0 B0 a0 B0 a0 B0

Si 5.39 0.96 5.42 1.15 5.43 0.99
GaAs 5.61 0.74 5.70 0.85 5.65 0.77
GaN 4.49 1.93 4.47 2.39 4.50a

aReference 87.
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C. KS eigenvalues and related properties

Recently, significant efforts have been made to deve
self-consistentab initio density-functional methods that s
multaneously predict accurately cohesive properties and
ergy gaps.26,30,35,39,40We are now going to show below tha
the EXX method indeed predicts bands gaps very accura
in addition to cohesive properties.

1. EXX band structures

Figure 3 compares the calculated fundamental LDA a
EXX band gaps for eight semiconductors with experimen
data. Several additional energy gaps and total valence-b
widths are listed in Table II. As is evident from these resu
the EXX formalism leads to band gaps that are in excell
agreement with experiment, the deviation being less t
0.1–0.3 eV. By contrast, the corresponding LDA values
too small by 1–1.5 eV. Noticeably, EXX gaps are mu
smaller than the corresponding Hartree-Fock values, wh
are known to overestimate semiconductor band gaps
matically. For example, we have computed the minim
Hartree-Fock energy gaps of Si, Ge, and GaAs to be 7.4,
and 7.7 eV, respectively, which is in accord with previous
calculated results.63

-

FIG. 2. Comparison of self-consistently calculated LDA, EX
EXX~GGA! ~i.e., the EXX method including GGA correlation
from Ref. 2!, and Hartree-Fock cohesive energies~given in eV/
atom! of various semiconductors with experimental data. The la
are taken from Refs. 73, 94, and 95. The solid line correspond
perfect agreement between theory and experiment, and is
drawn to guide the eye.

FIG. 3. Comparison of self-consistently calculated LDA a
EXX band gaps~in eV! of various semiconductors with experimen
tal data from Refs. 73 and 89–91.
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TABLE II. Comparison of theoretical LDA and EXX Kohn-Sham eigenvalue gaps~in eV! and total valence band widths~VBW, in eV!
with experimental data, taken from Ref. 73 except where otherwise noted. The gaps have been calculated at the experimental lattic
and are given relative to the top of the valence band. Si* refers to a calculation with a local pseudopotential. The experimental data
been corrected for spin-orbit splitting effects since the latter are not included in the calculations.

LDA EXX Expt.
L G X VBW L G X VBW L G X VBW

Si* 1.54 2.79 0.52 12.77 2.36 3.46 1.43 12.34 2.4 3.34 1.25a 12.5
Si 1.43 2.56 0.64 11.95 2.35 3.26 1.50 11.58
Ge 0.13 20.09 0.75 12.86 1.01 1.28 1.34 12.48 0.84 1.00 1.3 12.6
C 8.43 5.56 4.78 21.29 9.18 6.28 5.43 21.52 7.3b 24.2c

GaAs 0.89 0.32 1.41 12.78 1.93 1.82 2.15 12.33 1.85 1.63 2.18 13
AlAs 2.03 1.84 1.37 11.89 2.99 3.20 2.26 11.53 2.54 3.11 2.24
SiC 5.36 6.33 1.36 15.32 6.30 7.37 2.52 15.23 7.59c 2.39
GaN 4.58 1.90 3.38 15.75 6.23 3.49 4.95 15.64 3.30d

AlN 7.16 4.20 3.24 14.74 8.58 5.66 5.03 14.86

aReference 88.
bReference 89.
cReference 90.
dReference 91.
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Correlations seem to have a weak influence on the en
gaps, as far as we can judge from the available correla
functionals. Within an exchange-only EXX(X) calculation,
we find the energy gaps to decrease by typically&0.1 eV
relative to the EXX results. For example, the minimal ga
within EXX(X) are 1.23, 0.94, and 1.78 eV for Si, Ge, a
GaAs, respectively. By using GGA rather than LDA corr
lations in the solid-state calculation, the energy gaps
crease slightly by typically 0.2 eV and amount to 0.97, 0.
and 1.55 eV for Si, Ge, and GaAs, respectively.

The physical origin of the excellent agreement betwe
EXX energy gaps and experiment lies in the absence of s
interaction and the locality of the exact exchange poten
Since the occupied valence states do not ‘‘feel’’ a se
repulsion in the EXX method, they become more localiz
and are energetically lowered relative to the LDA. T
Hartree-Fock approach is self-interaction free for the oc
pied states but not for the unoccupied states. The nonloc
of the Fock exchange potential causes the unoccupied s
to effectively ‘‘see’’ a different potential (N electrons! than
the valence states (N21 electrons! which gives rise to the
huge energy gap in Hartree-Fock. By contrast, the EXX
change potential is local and state independent, and there
the samefor occupied as well as for unoccupied states.

The EXX approach not only shifts all band gaps upwa
in energy, but additionally yields the correct ordering of t
conduction-band minima for all studied semiconducto
Thus it faithfully reproduces the knownk dependence of the
band structure across the whole Brillouin zone. For Si a
Ge, the dispersion relations are depicted in Fig. 4. In the c
of Ge, the differences between LDA and EXX gaps are p
ticularly stronglyk dependent. Whereas the LDA incorrect
predicts a direct and negative energy gap atG, the EXX
method correctly yields the conduction-band minimum atL.
The indirect nature of the energy gap of Ge originates p
dominantly in the Ge core. Indeed, by performing a LD
calculation for Ge bulk but employing EXX pseudopote
tials, we already find an indirect band gap atL that is lower
than the direct one atG by 0.18 eV~the experimental value is
gy
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0.16 eV!. Indeed, the importance of the core for reproduci
the indirect band gap in Ge has been pointed out before.59,64

These results lead to the question of whether good b
gaps may be obtained by carrying out standard LDA cal
lations for the valence electrons and by employing pseu
potentials that are constructed with the EXX scheme.
have performed LDA calculations for several semicond
tors using both LDA and EXX pseudopotentials. The resu
ing band gaps are summarized in Table III. As one can
duce from these results, especially the direct band gapsG
of GaAs and Ge are increased significantly relative to a st
LDA calculation.

Finally, we compare the theoretical LDA and EX
valence-band-widths with the experimental values in Ta
II. We find the EXX method to predict generally smalle
bandwidths than the LDA, irrespective of the type of pseud
potential used. This may be explained by the enhanced e
tron localization induced by the absence of self-repulsion
the EXX method. The only exceptions are the small co

FIG. 4. Band structures for Si and Ge, as calculated within
LDA ~open circles! and EXX ~solid lines! methods, respectively.
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compounds C and AlN. The results in Table II indicate th
the EXX method slightly overestimates the localization
valence states, since EXX bandwidths are generally a
percent smaller than the experimental values.

2. EXX and the band-gap problem

The exact~but unknown! KS eigenvalue gap«gap
KS of a

semiconductor differs from the true band gapEgap . The lat-
ter may be defined as the ground-state energy difference
tween theN andN61 particle system,18,19,65

Egap5E~N11!1E~N21!22E~N!

5«gap
KS 1Dxc5«gap

EXX~X!1«gap,c
KS 1Dxc . ~19!

The difference between the true gap and the eigenvalue
originates in the fact that the exchange-correlation poten
changes discontinuously by an amountDxc upon adding one
electron to theN-electron ground state of the semiconduct
In spite of several intriguing model calculations, the quest
whether this discontinuityDxc is small or large compared t
Egap is still open.56,66–68,20In Eq. ~19!, we have split up«gap

KS

into two contributions, namely, the eigenvalue gap result
from a self-consistent exchange-only scheme@EXX(X)# and
a term that takes into account the remaining correlati
related contributions.

The present results shed some new light on the band
problem. First of all, the good agreement between
exchange-only EXX(X) eigenvalue gaps and experimen
Egap'«gap

EXX(X) , yields

Dxc'2«gap,c
KS . ~20!

With LDA and GGA correlations, one can evaluate the rig
hand side of this equation and finds rather small values
Dxc;20.1 ~LDA ! and;10.2 eV ~GGA!, respectively.

Recently, it has been shown that the exchange partDx of
the discontinuityDxc5Dx1Dc can be evaluated exactly i
terms of the exact exchange potential.41,69 It is given by

Dx5^ckuV̂x
NL2Vxuck&2^vk8uV̂x

NL2Vxuvk8&, ~21!

where uck& and uvk8& denote the lowest conduction-ban
state and highest valence-band state, respectively, andVx is
the exact local exchange potential from Eq.~11!. For Si, Ge,
GaAs, we findDx to be very large, namely, 5.48, 4.81, an
5.28 eV, respectively.41 This finding indicates a significan
cancellation between the correlation partDc and the ex-
change contributionDx of the discontinuity. Thus, bothDx
and the correlation contributionDc are individually large
compared to the true band gap.

TABLE III. Calculated LDA band gaps~in eV! of Si, Ge, and
GaAs atL, G, andX, calculated with EXX pseudopotentials. Th
numbers in parentheses are the LDA band gaps obtained with L
pseudopotentials.

L G X

Si 1.49 ~1.43! 2.53 ~2.56! 0.49 ~0.64!
Ge 0.24 ~0.13! 0.42 (20.09! 0.50 ~0.75!
GaAs 1.11~0.89! 0.86 ~0.32! 1.23 ~1.41!
t
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3. Effective masses

Since the KS potential in the EXX approach is local,
momentum states see the same potential. This greatly
plifies band-structure calculations relative to Hartree-Fo
type or GW-type methods.56,63 Therefore, EXX allows one
to compute effective band masses as easily as the LDA d
It is well known that LDA effective masses agree rath
poorly with experimental data in some materials such
GaAs.70,71 Table IV summarizes the effective conductio
band masses for several semiconductors. Generally, E
electron masses are found to be almost equal to or larger
the corresponding LDA masses and show systematic
good agreement with experiment in cases where the L
fails markedly. This is in qualitative accord with standa
k–p theory, which predicts band masses to change roughl
proportion to energy gaps.

We have also investigated the Luttinger parameters72 L,
M, andN that characterize the warped structure of the th
topmost valence bands nearG. In this paper, these param
eters were determined numerically by fitting the three-ba
k–p band structure72 to the LDA and EXX bands. In units o
\2/2m, the triplet (2L,2M ,2N) for GaAs is given by
~56.56,4.01,57.71! within the LDA and by
~11.20,3.48,11.97! within the EXX method. In this case, th
EXX method agrees substantially better with the experim
tal values73 of ~15.49,3.94,16.09! than the LDA does. In
some other materials, however, the EXX method tends
predict hole masses that are slightly too heavy which is c
sistent with the trends in the valence band widths in Table
and Fig. 4. In Si, for example, we find (2L,2M ,2N) to be
given by ~7.15,4.75,9.17!, ~5.64,3.89,6.86!, and
~6.64,4.60,8.68!, within the LDA, the EXX method, and ex
periment, respectively.

4. Dielectric functions

In this section we will show that the EXX approach n
only yields excellent band gaps but also accurately pred

A

TABLE IV. Effective electron masses of various zinc-blend
semiconductors~in units of the free-electron mass! in the lowest
conduction-band minima atL, G, or X, or alongD, respectively.
For the indirect semiconductors, the longitudinal (ml) and trans-
verse (mt) masses are given. Experimental data are taken from
73 except for GaN; the latter value is from Ref. 92.

LDA EXX Expt.

Si ml
D 0.95 0.97 0.92

mt
D 0.19 0.22 0.19

Ge ml
L 1.71 1.70 1.57

mt
L 0.07 0.10 0.08

C ml
D 1.68 1.59 1.4

mt
D 0.29 0.29 0.36

GaAs mG 0.02 0.10 0.07
AlAs ml

X 0.84 0.95 1.0
mt

X 0.24 0.27 0.25
GaN mG 0.17 0.26 0.20
AlN mG 0.30 0.36
SiC ml

X 0.68 0.67 0.68
mt

X 0.23 0.26 0.25
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optical properties such as dielectric functions and reflect
ties. Figure 5 depicts a representative example, namely
imaginary part of the dielectric function of GaAs, which
given by

«2~v!5
4p2e2\2

3m2Vv2 (
vck

u^vkupuck&u2d~\v2«ck2«vk!,

~22!

where p is the momentum operator. We have neglec
exchange-correlation, local-field and nonlocal pseudopo
tial effects in this expression since they are known to h
only a minor effect on the peak positions.74,75For thek sum-
mation in Eq.~22!, 328k points in the irreducible wedge o
the Brillouin zone were taken into account. It is appare
from Fig. 5 that the position of the EXX calculated absor
tion edgeE0 as well as of the two prominent peaks label
E1 and E2 are much closer to the measured data than
LDA. As is well known, ak-independent scissors operat
correction to the LDA band structure cannot achieve such
improvement.76 In accord with other calculations,74,75,77 the
height of theE1 peak still does not fit the experimental on
very well, which may be caused by the neglect of exciton
many-body, and surface effects.

D. Comparison with approximate exchange functionals

In this section, we will assess the accuracy of vario
approximate exchange-related KS functionals by compa
their values for different densities to the values of the ex
EXX functionals. To be consistent, all calculations in th
section have been carried out by setting all correlation fu
tionals equal to zero. This also applies to the LDA and GG
calculations. We have employed exact exchange-o
@EXX(X)# semilocal, norm-conserving pseudopotenti
throughout,42 except for Si, where a local pseudopotentia51

has been used. As noted above, the latter serves as a t
the EXX scheme with a strictly local external potent
which is a formal requirement of KS theory. All GGA resul
are based on the functional proposed by Becke;4 other pub-
lished functionals2,3 yield very similar results.

In contrast to the LDA, the exact exchange potential E
~11! is not a simple function of the local densityr(r ). Con-
sequently, there is no simple local relation between the
ues of the density and the exchange potentialVx(r ) at any
given point in the unit cell. Figure 6 shows that, for give
values of the density@i.e., the self-consistent EXX(X) den-

FIG. 5. Comparison of the calculated EXX and LDA imagina
part of the GaAs dielectric function as a function of energy~in eV!
with experimental data from Ref. 96. Note that the present calc
tions do not include spin-orbit-splitting effects that lead to the sp
ting in the experimentalE1 peak.
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sity#, the corresponding values of the exchange potentia
the unit cell may differ by as much as 4 eV in Si. Intere
ingly, the LDA mimics the average density dependence
Vx(r ) quite well. Both the exact and LDA potentials becom
more attractive when the density increases, but this tren
less pronounced for the LDA potential. Qualitatively simil
findings hold for all eight semiconductors studied in this p
per.

The spatial variation of the exchange potentials along
@111# direction in Si and GaAs is shown in Fig. 7. As on
can see, LDA or GGA potentials show characteristic dev
tions from the exact one. All depicted valence exchange
tentials are attractive in the bond regions and repulsive in
interstitial and core regions. The LDA exchange potentia
much smoother than the exact one, which is a conseque
of the self-repulsion that plagues this approximation. T
GGA potential is significantly more accurate in the bo
region but exhibits artificial peaks in regions of low dens
~see also Refs. 78 and 79!.

a-
-

FIG. 6. Values of the local EXX(X) exchange potentialVx(r ) in
Si, plotted vs the corresponding values of the densityr(r ) for a set
of positionsr that sample the unit cell. Since there is a simple lo
relation betweenVx and r in the LDA, this relation leads to a
simple curve for the LDA which is depicted for comparison. A
potentials are given in eV. The spatial averages of the EXX(X) and
LDA exchange potential have been set to zero.

FIG. 7. Comparison of the exact EXX(X), LDA, and GGA
exchange potentials in Si and GaAs along the bond axis~@111#
direction!. The positions of the nearest-neighbor atoms are in
cated by black circles. The LDA and GGA potentials have be
evaluated with the EXX(X) density. The spatial average values
all exchange potentials have been set to zero.
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10 040 PRB 59STÄDELE, MOUKARA, MAJEWSKI, VOGL, AND GÖRLING
Figure 8 shows contour plots of the differences betwe
the self-consistently computed valence charge dens
rEXX(X)(r ) and rLDA(r ). Analogously to the exchange po
tentials, the LDA densities are more homogeneous than
EXX(X) densities, while the GGA densities resemble t
latter more closely. This is most pronounced in the bo
regions. The same trend has been found before
atoms.36,37,48,80As has been found before in atoms,36,81 we
obtain Hartree-Fock densities that are nearly identical to
EXX(X) densities.

We now turn to an assessment of exchange and tota
ergies. In principle, the accuracy of any approximate ene
functional Eapp@r# can be checked in two ways. One ma
determine the deviation from the exact functionalEEXX@r# at
a given, fixed, reference density (rEXX(X), for example!. Al-
ternatively, one may determine the self-consistent den
rapp ~which carries implicitly information on the potentia
obtained in the approximate method! and compare the self
consistently calculatedEapp@rapp# with the exact value
EEXX@rEXX(X)#. We have carried out both types of compa
sons for the LDA and GGA exchange energy functionals
eight semiconductors, and the results are given in Fig. 9.
approximate~LDA and GGA! functionals were evaluate
both at the reference densitiesrEXX(X) and at the correspond
ing self-consistent densities (rLDA andrGGA), respectively.
We find the LDA exchange energies to be too small
4–7 %, whereas the GGA exchange energies deviate f
the exact values by typically 1%, no matter which density
used. One reason is that GGA exchange functionals be
from error cancellations between different spatial region82

The corresponding errors in atomic GGA exchange ener
are of the same order of magnitude.36,48,65,80,82,83

FIG. 8. Contour plots of the calculated density differenc
rEXX(X)(r )2rLDA(r ) for Si and GaAs~in units of electrons per uni
cell!, respectively. The grey scales run from13 ~black areas! to 23
~white areas!. White lines separate regions with positive and ne
tive density differences, and mark the zero contour line. All res
have been obtained with exchange only calculations.
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Importantly, LDA and GGA exchange energies chan
only slightly when evaluated at the EXX(X) densityrEXX(X).
This shows that the main part of the error both in the LD
and GGA originates directly in the energyfunctionaland not
in the densitythat affects the energy indirectly.

In Table V, we list the individual contributions to the tota
energy Eq.~3! of GaAs within the EXX~X!, LDA, GGA, and
Hartree-Fock methods, respectively. The results are
typical of the other semiconductors that have been stud
here. The LDA is seen to underestimate the absolute va
of the kinetic energy, Hartree energy, exchange energy,
electron-ion interaction energy by about 1–2 eV/atom, wh
predominantly results from the LDA densities being too h
mogeneous. The GGA results, on the other hand, are m
closer to the EXX(X) values.

Since the self-consistent EXX~X! and Hartree-Fock elec
tron densities are almost identical, the Hartree and
electron-ion interaction energies exhibit very little differen
in these two methods. The kinetic energy and the excha
energy, on the other hand, differ by a larger amount fr
each other. The reason for this lies in that the KS a
Hartree-Fock determinants differ from one another ev
when they yield identical densities. For a given density,
KS determinant minimizes the kinetic energy,1,50 whereas
the Hartree-Fock determinant minimizes the expectat
value^T̂1V̂ee1Vext&. As a consequence, the kinetic ener
Ts of the KS determinant is lower than that of the Hartre
Fock determinant. The exchange energy, on the other h
turns out to be lower in the Hartree-Fock approach than
the EXX(X) approach, which is consistent withEHF

,EEXX(X).

s

-
s

FIG. 9. Relative deviations~in percent! of LDA and GGA ~Ref.
4! exchange energies from the exact EXX(X) values for various
semiconductors. Solid symbols denote self-consistent excha
only results, and open symbols refer to energies evaluated with
densityrEXX(X).

TABLE V. Calculated contributions to the total energyE in
GaAs in eV/atom, as obtained by different self-consistent metho
Correlations are consistently set to zero in all cases. The sym
THF denotes the Hartree-Fock kinetic energy, whereasTs is the
kinetic energy in the EXX(X), LDA, and GGA method, respec
tively.

EXX(X) LDA GGA HF

Ts ,THF 40.63 39.60 40.94 40.72
EH8 10.89 9.84 10.80 10.88
Ex ,Ex

HF , 228.99 227.07 228.81 229.17
Eei8 219.13 217.53 219.41 219.12
Eii8 2114.59 2114.59 2114.59 2114.59
E 2111.19 2109.74 2111.07 2111.28
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E. Comparison with KLI method

Krieger, Li, and Iafrate36 developed an approximation t
the exact exchange potential that has been applied
atoms,36 molecules,84 jellium clusters,85 and
semiconductors.38–40 It is based on a simplification of th
OEP integral equation,27 where the energy denominators
the Green function are replaced by a constant. While
approach agrees with the EXX method in atoms very wel
is still an open question how well it compares to the EX
method in solids. Here, we compare the results of three
ferent approaches, namely, EXX, KLI, and EXX with KL
pseudopotentials. In all of these cases, LDA correlati
have been used. The latter two approaches allow one to
rectly compare the KLI versus EXX treatment of the valen
electrons, since the same KLI pseudopotentials
employed.86 For the example of Ge, the results are summ
rized in Table VI.

With KLI pseudopotentials, we find the EXX total ene
gies to be lower than the KLI total energies. In the exchan
only case, this follows from the variational nature of t
EXX potential, and correlations apparently do not alter t
ordering. This energy difference is fairly small for Ge, b
reaches 0.6 eV per atom for Si. The dominant differen

TABLE VI. Predicted electronic properties of Ge, as obtain
within the EXX method~first column!, the KLI method~third col-
umn!, and the EXX method with KLI rather than consistent~EXX!
pseudopotentials~second column!, respectively.

valence EXX EXX KLI a

pseudopot. EXX-PP KLI-PPa KLI-PP a

2Eps ~eV/atom! 107.3 107.1
Ecoh ~eV/atom! 3.0 2.8 2.6
a0 ~Å! 5.63 5.63 5.67
B0 ~Mbar! 1.00 1.00 0.99
Egap

L ~eV! 1.01 1.16 0.77

Egap
G ~eV! 1.28 1.56 1.26

aReference 39.
e

to

is
it

f-

s
di-
e
re
-

-

s

e

between the two approaches lies in the energy gaps, h
ever. In Si, Ge, and GaAs, we obtain EXX gaps that
larger than the KLI gaps by 0.4–0.5 eV.

These conclusions do not change much when the vale
andcore electrons are treated within the same approach~KLI
or EXX!. For Si and Ge, respectively, the consistent K
cohesive energies lie 0.8 and 0.4 eV per atom below
consistent EXX ones. Also, the EXX band gaps substanti
exceed the KLI values.

V. SUMMARY AND CONCLUSIONS

A self-consistent first-principles method has been p
sented that goes beyond the standard local-density app
mation in a rigorous and systematic fashion. It treats
local exchange potentialVx(r ) and the exchange energyEx
of Kohn-Sham density functional theory exactly~the EXX
scheme!. The ion core potentials have been calculated in
consistent EXX pseudopotential framework, and correlatio
have been treated within the LDA or GGA. The schem
yields a local multiplicative total potential which allows on
to carry out extensive band-structure calculations with
moderate computational cost.

The major success of this method lies in the finding tha
predicts both the eigenvalue gaps throughout the Brillo
zone, effective masses, and cohesive properties in very g
agreement with experiment. In addition, the EXX sche
allows one to assess approximate exchange functionals
as the LDA and GGA quantitatively. Generally, GGA e
change and total energies are found to be significantly clo
to the exact values than the corresponding LDA results.
nally, we find the exchange partDx of the discontinuityDxc
to be 3–5 times the experimental band gap.
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