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Abstract The contact block reduction (CBR) method is a
variant of the nonequilibrium Green’s function formalism
and can be used to describe quantum transport in the bal-
listic limit very efficiently. We present a numerical imple-
mentation of a charge self-consistent version of the CBR al-
gorithm. We show in detail how to calculate the electronic
properties of open quantum systems such as the transmis-
sion function, the local density of states and the carrier den-
sity. Several 1D and 2D examples are provided to illustrate
the key points. The CBR method is a very powerful tool to
tackle the challenge of calculating transport in the ballistic
limit for 3D devices of arbitrary shape and with an arbitrary
number of contacts.
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1 Introduction

Since electronic devices have been shrinking steadily to
nanometer dimensions, quantum transport is increasingly
becoming a topic of interest not only to physicists but
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also to the electrical engineering community [1]. The non-
equilibrium Green’s function (NEGF) formalism (e.g. [2])
provides a rigorous framework for the development of
quantum device models. Here, we describe one of its
implementations—the contact block reduction (CBR) me-
thod [3]. It can be used to describe quantum transport in the
ballistic limit very efficiently. Our aim in this article is to
make the Green’s function formalism in the limit of ballistic
quantum transport accessible to a more general audience.
Thus, a detailed description of the underlying algorithm is
given and numerical examples are provided as concrete il-
lustrations. As it is very important to perform charge self-
consistent calculations, we also give details on how to solve
the nonlinear system of coupled Schrödinger and Poisson
equations. Interested readers should be able to reproduce
these results by setting up their own computer program. All
results presented in the figures of this article can be repro-
duced with the software that is provided as an Online Re-
source [4].

2 Ballistic quantum transport

A conductor shows nonohmic behavior if its dimensions are
smaller than certain characteristic lengths: The mean free
path and the phase-relaxation length of the electron [5]. If
the length of a conductor becomes shorter than the mean
free path, the conductance approaches a limiting value. This
classical ballistic limit has still nothing to do with quantum
mechanics. Quantum mechanics does not become impor-
tant until the dimensions of the conductor are smaller than
the phase-relaxation length and interference-related effects
come into play. In present day high-mobility semiconductor
heterostructures such as modulation doped GaAs/AlGaAs
heterojunctions or quantum wells, mean free paths and
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phase-relaxation lengths of several µm are relatively easy
to obtain at low temperatures. Thus ballistic quantum trans-
port plays an important role in many mesoscopic transport
experiments.

The theoretical approach that has proven to be most use-
ful in describing mesoscopic transport was introduced by
Landauer [6, 7] in 1988. A generalization to multiterminal
devices in magnetic fields was proposed by Büttiker [8, 9]
and is generally referred to as the Landauer-Büttiker (LB)
formalism. It is equivalent to the nonequilibrium Green’s
function formalism in the limit of no inelastic or elastic scat-
tering. The essential idea behind the LB formalism is that the
current through a ballistic conductor is determined by the
probabilities of the electrons to be transmitted or reflected.
The contacts of the conductor are assumed to be large elec-
tron reservoirs in equilibrium, so that each contact can be
described by its own Fermi distribution with a chemical po-
tential μ. The difference between the chemical potentials in
the contacts is equal to the externally applied bias voltage.
By the Landauer-Büttiker formula, these relations are ex-
pressed as follows

Iλλ′ = gse

h

∫
Tλλ′ (E)

[
f (E,μλ) − f (E,μλ′)

]
dE, (1)

where Iλλ′ is the current between contact λ and contact λ′,
Tλλ′ (E) is the corresponding energy dependent transmis-
sion function between these contacts, μλ and μλ′ are the
chemical potentials in these contacts, E is the energy, h is
Planck’s constant, e is the positive elementary charge, and
gs = 2 is the spin degeneracy of the electrons.

f (E,μλ) = 1

1 + exp[(E − μλ)/(kBT )] (2)

is the equilibrium Fermi-Dirac distribution function inside
contact λ, kB is Boltzmann’s constant and T is the tem-
perature. Thus the Landauer-Büttiker formalism reduces the
problem of calculating the ballistic current in a mesoscopic
device to the determination of the transmission probabili-
ties of an open device connected to reservoirs. We empha-
size that (1) has been simplified here. It generally involves
an integration over all quantum numbers that characterize
the lead states [10]. We suppressed their momentum depen-
dence (which is, however, included in the calculations as
described further below) to keep things as simple as possi-
ble and assume conservation of spin, energy E and parallel
momentum. We also assume a parabolic dispersion of the
bands so that the integration over the parallel momentum
can be simplified. The current in any device can be calcu-
lated via the transmission function as long as the propaga-
tion of the electrons through the device is coherent. Coherent
means that there are no phase-breaking scattering processes
involved. Elastic scattering processes can be taken into ac-
count within the CBR method if they can directly be in-
cluded into the Hamiltonian H0 of the closed system. For

extremely small devices or very low temperatures, where the
elastic and inelastic scattering lengths exceed the geometri-
cal device size, the assumption of coherent transport is jus-
tified in most cases. If it is necessary to include the momen-
tum and energy relaxation of the carriers (e.g. elastic and
inelastic scattering of electrons with phonons), a full NEGF
calculation is required which is however very challenging
for 2D and 3D devices due to its enormous computational ef-
fort. In principle, it is possible to include inelastic scattering
via Büttiker probes [11, 12] where additional contacts in the
interior of the device are used to model the coupling of the
carriers to a phonon bath. However, a satisfactory integra-
tion of dissipative processes into the CBR method—which
maintains its computational efficiency—has not been found
yet.

Several numerical methods have been developed to
determine the transmission coefficient for quantum de-
vices via the scattering matrix, e.g. the transfer matrix
method [13, 14], the quantum transmitting boundary method
[15], the R-matrix method [16] and the recursive Green’s
function method [17, 18]. In this article, we will describe
in detail how to obtain the transmission function Tλλ′(E)

by means of the contact block reduction (CBR) method,
where the transmission is calculatated from the retarded
single particle Green’s function. In passing, we note that
the transmission function not only determines the electri-
cal current because the electronic component of heat cur-
rents can be calculated with a Landauer formula similar to
(1) [19]. Optimizing the thermoelectric coefficients in de-
vices by quantum-engineering the transmission function is
an interesting topic in thermoelectrics research.

3 The contact block reduction (CBR) method—
An overview

The CBR method is a very efficient Green’s function tech-
nique which has been developed by Mamaluy et al. [3]. It
can be used to calculate the electronic properties of open
quantum systems such as the transmission function, the lo-
cal density of states, and the carrier density in the ballistic
limit for 1D, 2D and 3D devices of arbitrary shape and with
an arbitrary number of contacts. We start with a device that
is discretized in real space on NT total grid points. It can
be characterized by a corresponding Hamiltonian matrix H0

of size NT. The device has no contacts and is thus termed
a closed system. It has sharp resonant energies (eigenvalues
of H0) and the electrons are described by wave functions
(eigenfunctions of H0). We now add contacts to the device
and divide the total number of grid points into NC contact
grid points and ND interior device grid points

NT = NC + ND. (3)
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The contact grid points NC are the boundary grid points of
the device that overlap with the leads. Connecting the device
to contacts leads to a broadening of the resonant energies:
The discrete energy spectrum transforms into a continuous
density of states. This is described by the broadening ma-
trix �(E). It depends on energy E and has the same size as
H0. It can directly be calculated from the self-energy �(E).
This self-energy matrix is added to the Hamiltonian to ac-
count for the new boundary conditions due to the contacts
(see Sect. 4.3.1 for details). It is non-Hermitian, thus lead-
ing to complex eigenvalues. In fact, the imaginary part of
the eigenvalues is the origin of the broadening of the density
of states and introduces a finite lifetime to the eigenstates.
Consequently, the device wave functions leak out into the
contacts (open device). As � also depends on energy, it is
more convenient to look at the device from another point of
view. Rather than asking for the eigenenergies of the system,
it is more appropriate to ask: How does the open device re-
spond to incident electrons that have a certain energy E? In
the ballistic case, all observables of interest can be obtained
from the retarded Green’s function GR of the open device.
It is defined as

GR(E) =
(
E1 − H0 − �

)−1
, (4)

where 1 is the identity matrix. It can be expressed in terms
of the retarded Green’s function G0 of the closed device via
the Dyson equation

GR = A−1G0 =
(

1 − G0�
)−1

G0, (5)

G0(E) =
(
E1 − H0 + i0+)−1 =

∑
n

|ψn〉 〈ψn|
E − En + i0+ . (6)

The last expression (spectral representation) shows how
to write the retarded Green’s function G0 in terms of the
eigenenergies and wave functions of the closed device
Hamiltonian (see Sect. 4.1). |ψn〉 〈ψn| is the dyadic prod-
uct where 〈ψn| is a row vector and |ψn〉 is a column vector
(bra-ket or Dirac notation), each of size NT. In a numerical
implementation of this equation, the infinitesimally small
positive imaginary number i0+ can be ignored if one en-
sures that E �= En. Additionally, if the wave functions ψn

are real, the retarded Green’s function of the closed device
is real. Thus it is identical to the advanced Green’s func-
tion of the closed device. (The conjugate transpose (†) of
the retarded Green’s function is called the advanced Green’s
function GA

C = GR†
C .) We call G0 just the Green’s function

of the closed device and omit i0+ and the term retarded in
the following for simplicity.

Once the self-energy matrix has been calculated (see
Sect. 4.3.1), the evaluation of the retarded Green’s function
GR of the open device requires—in general—the inversion
of a large matrix A whose size is proportional to the num-

ber NT of total grid points of the device. Even in two spatial
dimensions, this can be a quite demanding task.

The essence of the contact block reduction method con-
sists in the decomposition of the retarded Green’s function
into blocks such that the transmission function of the open
device can be calculated by inverting only small matrices:
The retarded Green’s function can be ‘reduced to the con-
tact block’ GR

C. The contact block (index C) consists of all
device grid points that are in contact with the leads. This
number is orders of magnitude smaller than the number of
device grid points. This explains the astonishing efficiency
of this approach and makes it possible to address quantum
transport in 3D devices. The CBR method has been applied
to calculate the transport in 3D structures, like quantum
dots [20], quantum interference devices such as a quantum
logic gate [21] or nano-FinFETs [22]. The latter requires to
include the Poisson equation in order to guarantee charge
self-consistency (self-consistent CBR [23], see Sect. 8). The
CBR method has been extended to describe systems of two
interacting particles for the study of two-qubit devices [24].
It has also been extended to more sophisticated band struc-
ture models, like the k · p method in order to describe hole
transport in quantum wires [25] and to tight-binding meth-
ods [26]. It has been integrated into the nextnano software
package [27] which is available online [4].

In this article we describe in detail how to calculate the
transmission function T (E) and the local density of states
ρ(x,E) from the Green’s function matrix GR of the open
system

GR =
(

GR
C GR

CD

GR
DC GR

D

)
. (7)

This matrix has been subdivided into four blocks, a subma-
trix within the contact block (C) and another one within the
interior of the device (D). The other two correlate the contact
grid points to the device grid points (CD and DC). To obtain
the transmission function, it is only necessary to evaluate the
upper left part—the contact block

GR
C = A−1

C G0
C. (8)

For calculating the local density of states, additionally the
lower left part

GR
DC = G0

DCB−1
C (9)

has to be evaluated. Thus for each energy E of interest, the
two matrices

AC = 1C − G0
C�C (10)

and

BC = 1C − �CG0
C (11)

have to be inverted where 1C is the identity matrix of di-
mension NC. The dimension of these matrices is very small
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and is determined by the number NC of grid points that con-
nect the device to the contacts. For one-dimensional devices
NC = 2, so both matrices are of size 2 × 2. In the ballistic
case, the self-energy matrix � is nonzero only at the contact
grid points and can thus be reduced to �C. This is the rea-
son why only small parts of the Green’s functions have to
be evaluated. The transmission function determines the cur-
rent through the device, and from the local density of states,
the charge density can be derived. This is all one needs to
describe quantum transport in arbitrary devices within the
ballistic limit, i.e. for situations where incoherent scattering
can be ignored.

4 The CBR method for one-dimensional devices

In this section we describe the contact block reduction
(CBR) method for simple one-dimensional devices where
the device geometry is assumed to be translationally in-
variant in the (x, y) plane. Current transport is assumed to
be along the z direction. We choose the 1D case in order
to highlight the main points of the CBR method, avoiding
therefore to include the additional, more complicated fea-
tures coming into play when one deals with two-dimensional
and three-dimensional devices described in Sect. 5. We try
to avoid reproducing the equations and the arguments of the
original CBR papers [3, 25] and adopt the more straight-
forward approach to focus specifically on the aspects with
respect to a numerical implementation.

In a one-dimensional device one can only have two leads
(i.e. contacts) in total (L = 2). These leads are located at the
leftmost and rightmost boundary points of the device and
each lead λ contains exactly one grid point (Nλ = 1) that
connects the lead to the device, i.e. the total number of (rel-
evant) lead grid points is thus equal to NC = ∑L

λ=1 Nλ = 2.
This simplifies the CBR method substantially because the
dimension of the CBR contact matrices is exactly equal to
NC = 2. This means that for the calculation of the trans-
mission coefficient T (E) (see (1)), for each energy E only
a small square matrix of size NC = 2 has to be inverted.
A further simplification is that each lead has only one mode.
In a 2D or 3D simulation, each lead consists of several lead
grid points connected to the device (Nλ > 1). The number
of lead grid points corresponds to the number of lead modes
(see Sect. 5), i.e. each lead has Nλ modes. In a 1D simula-
tion, the CBR algorithm is then implemented as follows:

4.1 Energy levels and wave functions of the device
Hamiltonian (closed system)

First, we calculate the energy levels and the wave functions
of the device Hamiltonian without taking the leads into ac-
count. This Hamiltonian H0 is then identical to the Hamil-
tonian of the closed system. We use a standard approach to

solve the Schrödinger equation, namely the envelope func-
tion approximation assuming a parabolic dispersion (single-
band effective mass equation).

The Schrödinger equation for a semiconductor structure
grown along the z direction and homogeneous along the x

and y directions reads

H0
k‖�n

(
z,k‖

) = En

(
k‖

)
�n

(
z,k‖

)
. (12)

The wave function �n(z,k‖) can by factorized into a solu-
tion ψn(z,k‖) along the z direction, and a plane wave eik‖·r
in the (x, y) plane

�n

(
z,k‖

) = ψn

(
z,k‖

)
eik‖·r. (13)

In the following we ignore the dependence of ψn(z,k‖)
on the parallel momentum k‖. Then the envelope functions
ψn(z) of the nT quantized states are obtained as the solutions
of the one-dimensional Schrödinger equation (n = 1, . . . , nT

where nT = NT):

H0ψn(z) = Enψn(z), (14)[
−�

2

2

∂

∂z

(
1

m⊥ (z)

∂

∂z

)
+ V (z)

]
ψn (z) = Enψn (z) . (15)

m⊥ (z) is the effective mass tensor component along the
z direction, � is Planck’s constant divided by 2π , V (z) =
Ec (z) = Ec,0 (z) − eφ (z) is the spatially varying potential
energy (conduction band edge profile), Ec,0 (z) represents
the conduction band edge profile of the particular band of in-
terest including band offsets at material interfaces and φ (z)

is the electrostatic potential which is obtained from solving
Poisson’s equation (see Sect. 8.1). It includes the external
bias potential and the internal potential resulting from mo-
bile charge carriers and ionized impurities.

We discretize this equation with a finite differences
method on a uniform grid using Neumann boundary condi-
tions at the left and right device boundaries. At these points
the device is in contact to the leads, once they are added
to form the open system. It has been found that Neumann
boundary conditions at the contact grid points are much
better suited for the CBR method than Dirichlet boundary
conditions [3]. This will become clear from (21) where the
projection of the wave functions at the contact grid points
is used. It is important to have the “closed eigenfunctions”
mimicking as much as possible the real, resonant open sys-
tem wave functions. Dirichlet conditions do not even al-
low the carriers to enter or leave the device area because of
their vanishing wave function amplitudes at the contact grid
points. In contrast, Neumann conditions are better represent-
ing the open system because of their finite wave function
amplitudes at these points.

The discretized sparse, square and Hermitian (in most
cases even real and symmetric) Hamiltonian matrix of size
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equal to the number of total device grid points NT has to be
diagonalized numerically to yield the eigenvalues and eigen-
vectors. The eigenenergies En correspond to the energies of
the electron along the z direction. The total energy of the
electron includes the parallel momentum of the electron due
to k‖ = (kx, ky)

En

(
k‖

) = En + �
2

2m‖
k2‖, (16)

where m‖ derives from the mass tensor components in the
(x, y) plane. For more detailed information on how to solve
(15) numerically, we refer to e.g. [28].

The one-dimensional envelope functions ψn are usually
normalized to 1

∫
ψ∗

n (z)ψn(z)dz =
NT∑
i=1

ψ∗
n,iψn,i�i = 1, (17)

where ψn,i is the amplitude of the wave function at grid
point i, and �i the corresponding grid spacing along the
z direction. If the latter has units of [nm], then the wave
functions ψn have units of [nm−1/2]. The sum includes all
grid points NT (see (3)) of the total device because here we
consider the closed system where we do not have to distin-
guish between interior device grid points ND and contact
grid points NC. The latter are the boundary grid points of
the device that overlap with the leads but are still part of the
device, and are thus part of the closed system device Hamil-
tonian H0. In principle, the wave functions could have been
calculated using a nonuniform grid spacing. However, in the
following sections we assume that the grid spacing �i is ho-
mogeneous for all grid points. This allows us to renormalize
the wave functions so that they become dimensionless. This
is achieved by dividing ψn by the norm 1/

√
�. Then the

normalization reads

NT∑
i=1

ψ∗
n,iψn,i = 1. (18)

Incomplete set of eigenstates We want to emphasize that
the actual number nα of eigenvalues and wave functions
needed to get meaningful results within the CBR method can
be much smaller than the total number nT of eigenfunctions
of the Hamiltonian matrix. The energy Enα of the highest
eigenvector taken into account is the cutoff energy. It should
be significantly above the energy interval of interest in or-
der to get reliable results (see Figs. 4 and 6). For a 2D and
3D simulation, using such an incomplete set of eigenstates
will drastically improve the computational performance as
only nα eigenstates have to be calculated (nα ≈ 10% of nT).
This fact makes it attractive to use fast, iterative solvers [29]
for calculating only a small number of eigenstates of these

sparse matrices. In 1D, where it is not a computational chal-
lenge to calculate all eigenvalues of the spectrum, exact
solvers [30] might be preferable.

4.2 Projection of device eigenfunctions onto lead modes

This part is very easy for a one-dimensional simulation
where for each of the two leads only one lead mode exists.
One simply has to store—for each eigenvalue n—the values
of the wave functions ψn,i at the leftmost grid point (i = 1)
and at the rightmost grid point (i = NT)

Lead 1: χλ=1
n = ψn,1 (left boundary), (19)

Lead 2: χλ=2
n = ψn,NT (right boundary). (20)

For each eigenvalue n these projected eigenvector ampli-
tudes χλ

n are stored in a vector of size NC = 2

χn =
(

χλ=1
n

χλ=2
n

)
. (21)

4.3 Setup energy interval and calculate properties for each
energy Ei

We are interested in the transmission coefficient T12 (E)

from lead λ = 1 (left contact) to lead λ = 2 (right con-
tact) for all energy values E in the energy interval of in-
terest (Emin < E < Emax). To do this, we divide this energy
interval into NE energy grid points and calculate for each
the transmission coefficient T12 (Ei) from lead 1 to lead 2
for the energy value Ei = Emin + (i − 1)�E where �E =
(Emax−Emin)

NE−1 is the energy grid spacing and i = [1, . . . ,NE].
It is worth mentioning that the properties for different en-
ergies Ei can be computed in parallel. This intrinsic paral-
lelism is very useful for implementing parallel computing
schemes on multicore CPUs, especially for large two- and
three-dimensional simulations. For each energy Ei the fol-
lowing matrices have to be calculated:

– self-energy matrix �C(Ei)

– broadening matrix �C(Ei)

– Green’s function G0
C(Ei) of the closed device

– retarded Green’s function GR
C(Ei) of the open device

For the latter, a square matrix of dimension NC has to be
inverted (for each energy Ei ). The subscript C (contact) in-
dicates that all quantities are reduced contact block matrices
of size NC, i.e. relatively small matrices that have to be eval-
uated only at the boundary points where the device overlaps
with the contact grid points. In a 1D simulation, NC = 2, so
that only 2×2 matrices occur. The energy Ei corresponds to
the energy Ez of the electron along the z direction because
in 1D the transmission coefficient is a function of the energy
Ez only: T (Ei) = T (Ez). The energy due to the parallel mo-
mentum of the electron does not have to be considered for
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calculating T . However, one should keep in mind that the
total energy of the electron is given by

Etotal = Ez + �
2

2m‖
k2‖, (22)

which becomes relevant when calculating the density and
the current.

4.3.1 Self-energy matrix �C

�C is the contact self-energy matrix which represents the
coupling of the device to the leads. The self-energy matrix
in a real space representation is nonzero only at the boundary
points of the device which are in contact with the leads. In
a mode space representation (see Sect. 5.2) the self-energy
matrix � is a diagonal matrix. In 1D the contact self-energy
matrix �C has only two nonzero entries on the diagonal
(�λ=1 and �λ=2)

�C =
(

�1 0

0 �2

)
. (23)

We assume that each lead is represented by a semi-infinite
one-dimensional wire described by a one-band effective
mass Hamiltonian. The potential energy Eλ

c of this contact
Hamiltonian is equal to the conduction band edge energy
of the corresponding grid point at the left or right device
boundary. Then the contact self-energy �λ for lead λ is
given by [1]

�λ = −t exp
(
ikλ�

)
, (24)

where t is the kinetic coupling matrix element (also called
constant intersite coupling element). It is defined as

t = �
2

2m

1

�2
, (25)

where m is the effective electron mass of the contact, and �

is the grid spacing of the contact grid point along the prop-
agation direction z. The wave vector kλ(Ei) of lead λ has
to be calculated for each energy Ei from the lead dispersion
E(kλ). The dispersion of a discrete lattice is given by

E(kλ) = Eλ + 2t
(
1 − cos

(
kλ�

))
, (26)

where we assume the lead to be discretized with the same
grid spacing �. Thus the corresponding wave vector kλ is
obtained as follows

kλ(Ei) = 1

�
arccos

(
Ei − Eλ

2t
− 1

)
. (27)

arccos(x) is the inverse function of the trigonometric cos(x)

function which must be expressed using the complex loga-
rithm

arccos(x) = −i ln
(
x + i

√
1 − x2

)
(28)

in order to allow for complex k vectors. For real wave vec-
tors, the self-energy �λ corresponds to a traveling plane
wave (equation (24)) with a particular energy. The response
of the open system to an incident electron wave tells us if
this electron wave will be reflected or transmitted. Complex
wave vectors, on the other hand, give rise to exponentially
rising (unphysical) or decaying waves. Here, we only con-
sider the decaying evanescent waves. In 1D, the conduction
band edge energy Eλ

c at the corresponding lead λ has to be
taken for the energy Eλ. In general, the relation for the wave
numbers k will differ at each contact. In 1D, there is only one
mode for each lead, so only one k vector for each lead has
to be calculated (for each energy). Consequently, the contact
self-energy �λ is a scalar for each lead but in general it is
a matrix whose size is determined by the number of contact
grid points of this lead (or lead modes taken into account,
respectively). In this work, the concept of self-energy only
describes the coupling of the device to the leads. However,
this concept is far more general and can be used to describe
all kinds of interactions, e.g. scattering processes that can be
included in more advanced NEGF algorithms [2].

4.3.2 Broadening matrix �C

The broadening matrix �C is the anti-Hermitian part of �C

and corresponds to the broadened density of states in the
device. It has units of energy and is given by

�C = i
(
�C − �

†
C

)
. (29)

The eigenstates of the closed system Hamiltonian corre-
spond to sharp energy levels, and thus they have an infinite
lifetime: An electron in one of these states will stay there
forever. In contrast, the broadening matrix �C describes the
leakage of the eigenstates into the contacts. Consequently,
this will lead to a finite lifetime of the electronic states in
the device.

4.3.3 Green’s function G0
C of the closed device

The reduced contact block matrix G0
C(Ei) can be written in

terms of the projected wave functions χn of the decoupled
device Hamiltonian H0 at the contact grid points

G0
C(Ei) =

nα∑
n=1

|ψn,C〉〈ψn,C|
Ei − En

=
nα∑

n=1

χnχ
T
n

Ei − En

. (30)
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Here we use the spectral representation in terms of the wave
function amplitudes ψn,C of the closed device Hamiltonian
at the contacts to calculate the Green’s function G0

C. χnχ
T
n

is the dyadic product where χn is a column vector and χT
n

its transpose, i.e. a row vector, each of size NC containing
the projection of the wave function amplitude onto the two
lead grid points (see Sect. 4.2). In 1D this dyadic product
leads to a square matrix of dimension NC = 2. Only for the
exact solution, one has to take into account all nT eigen-
states (nα = nT). For 2D and 3D simulations, nα is typically
chosen to be much smaller (≈ 10% of all eigenstates), mak-
ing use of an incomplete set of eigenstates. To guarantee an
optimal use of the CBR method, the value of nα should be
chosen as small as possible to minimize computational ef-
fort. However, one has to ensure that it is still large enough
in order to get meaningful results for the energy interval of
interest (see Sect. 4.1).

The matrix G0
C can further be understood by decompos-

ing it into submatrices

G0
C =

(
G0

λλ G0
λλ′

G0
λ′λ G0

λ′λ′

)
=

(
G0

11 G0
12

G0
21 G0

22

)
. (31)

The submatrix G0
λλ′ couples lead λ to lead λ′. In 1D this

submatrix is a scalar because χλ
n is a scalar

G0
λλ′ (Ei) =

nα∑
n=1

|ψλ
n,C〉〈ψλ′

n,C|
Ei − En

=
nα∑

n=1

χλ
n χλ′

n

Ei − En

. (32)

4.3.4 Retarded Green’s function GR
C of the open device

In order to calculate the transmission coefficient, we first
have to evaluate the retarded Green’s function GR

C within
the contact region from the Dyson equation

GR
C = A−1

C G0
C, (33)

AC = 1C − G0
C�C, (34)

where 1C is the identity matrix and G0
C�C is a simple ma-

trix multiplication. GR
C is a small submatrix of size 2 × 2

of the open device’s retarded Green’s function GR within
the contact regions (see (7)). GR has the size of the total
number of grid points NT and is thus a very large matrix
for 2D and 3D devices. The direct evaluation of the retarded
Green’s function requires the inversion of a large matrix of
dimension NT which is practically impossible for a 3D de-
vice, and can be quite demanding even in two spatial dimen-
sions. The essence of the CBR method consists in realizing
that for the calculation of the transmission function, only
the small part GR

C is needed. The determination of this small
submatrix from G0 and � actually requires only the inver-
sion of a matrix that is proportional to the number of grid
points NC that connect the device with the leads.

The inversion of the matrix AC to obtain A−1
C is the cen-

tral part of the CBR algorithm because in a 2D or 3D simula-
tion, most of the CPU time is consumed here. The inversion
can be performed by a standard inversion routine from a nu-
merical library (e.g. LAPACK routine ZGESV [30] which is
also available from precompiled libraries that make efficient
use of multicore processor architectures). For a matrix of di-
mension NC, this usually requires of the order of (NC)2.8

to (NC)3 operations. Luckily, NC is generally very small be-
cause the number of contact grid points is much smaller than
the number of device grid points.

4.3.5 Transmission coefficient

Finally, we calculate for each energy the transmission co-
efficient Tλλ′(Ei) from the broadening matrix �C and the
retarded Green’s function GR

C within the contact region

Tλλ′ (Ei) = Tr
(
�λ

CGR
C�λ′

C GR†
C

)
(λ �= λ′), (35)

where † indicates the conjugate transpose. The three matrix
multiplications only have to be performed for the relevant
elements that contribute to the trace of the square matrix of
dimension NC. The elements of the small matrix GR

C com-
pletely determine the transmission function from lead λ = 1
to lead λ′ = 2. �λ

C is the broadening matrix for lead λ de-
fined analogously to (29). It is nonzero only at the contact
points of the relevant lead. In the basis we employ here, it
is a diagonal matrix. In fact, for a 1D simulation only one
element of this matrix is nonzero and the calculation of the
transmission coefficient involves the multiplication of four
scalars, two of them are due to the nonzero entries of the
broadening matrices of the leads, and the other two originate
from the offdiagonal elements of the reduced matrix GR

C.

4.4 Transmission function of a double barrier structure
(1D Example)

As a simple intuitive example we present in Fig. 1 the calcu-
lated transmission coefficient T (E) as a function of energy
for a double barrier structure with varying barrier widths
of 2 nm, 4 nm and 10 nm (barrier height 100 meV, bar-
rier separation 10 nm, effective mass m = 0.067m0, grid
spacing 0.5 nm, device length 50 nm). At 25 meV there is
a peak where the double barrier becomes transparent, i.e.
T (E) = 1. This is exactly the energy that matches the reso-
nant state in the well. The inset shows the conduction band
edge profile and the probability density of this quasi-bound
resonant state for the case of 10 nm barrier widths where the
resonant state hardly couples to the two leads. In the oppo-
site case of strong coupling of this resonant state to the leads
(2 nm barrier widths), the local density of states (LDOS)
ρ(z,E) around this resonant state broadens, leading to a
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Fig. 1 Calculated transmission coefficient T (E) as a function of en-
ergy for a double barrier structure with varying barrier widths of 2 nm,
4 nm and 10 nm (barrier height 100 meV, barrier separation 10 nm).
At 25 meV there is a peak where the double barrier becomes transpar-
ent, i.e. T (E) = 1. This is exactly the energy that matches the resonant
state in the well. The inset shows the conduction band edge profile and
the probability density of this quasi-bound resonant state for the case
of 10 nm barrier widths

Fig. 2 (Color online) Calculated local density of states ρ(z,E) for a
double barrier structure (barrier widths 2 nm, barrier height 100 meV,
barrier separation 10 nm). The conduction band edge profile is indi-
cated by the thick solid line. The resonant state inside the double bar-
rier is very broad with respect to energy because it couples strongly
to the leads at the left and right boundaries. This is in contrast to the
situation for the 10 nm barriers (not shown) where due to the large bar-
rier widths the resonant state is quasi-bound, i.e. with a very sharp and
high density of states at the resonance energy because of the very weak
coupling to the contacts. Red (blue) color indicates high (low) density
of states

broadening of the peaks in the transmission coefficient. This
is shown in Fig. 2 where the LDOS is plotted as a function of
position and energy for the 2 nm case. The red (blue) color
indicates high (low) density of states. This is in contrast to
the situation for the 10 nm barriers (not shown) where due to
the large barrier widths the resonant state is quasi-bound, i.e.
with a very sharp and high density of states at the resonance
energy because of the very weak coupling to the contacts. If
the energy grid is not fine enough, very sharp resonances can

Fig. 3 Calculated density of states D(E) for the double barrier struc-
tures. The first peak in the DOS for the 10 nm barrier structure differs
substantially from the other two structures because it is extremely sharp
and high. The second peak in the DOS at 87 meV due to the second
confined well state is only visible for the 10 nm structure. This is con-
sistent to the transmission coefficient (see Fig. 1) which shows a sharp
maximum only for the 10 nm structure at this energy

be missed in a numerical calculation. This is the reason why
we used an energy grid spacing of 0.5 meV. However, this
grid spacing is still not fine enough to get perfect transmis-
sion (T = 1) for the first peak of the 10 nm barrier structure.
Only if the energy grid point exactly matches the resonance
energy, the peak would be well resolved. As it is very in-
structive to investigate the local density of states in different
parts of the device, we will show in Sect. 6 how to calculate
it with the CBR method.

The calculated density of states (DOS) for the 2 nm, 4 nm
and 10 nm double barrier structures is shown in Fig. 3. The
DOS corresponds to the LDOS integrated over position. The
first peak in the DOS for the 10 nm barrier structure differs
substantially from the other two structures because it is ex-
tremely sharp and high. It is actually much higher than the
figure suggests because its maximum is not included on this
scale. The second peak in the DOS at 87 meV due to the sec-
ond confined well state is only visible for the 10 nm struc-
ture. This is consistent to the transmission coefficient (see
Fig. 1) which shows a sharp maximum only for the 10 nm
structure at this energy.

Figure 4 shows the calculated transmission coefficient
T (E) of the 2 nm double barrier structure highlighting
the CBR feature of using an incomplete set of eigenstates
(10%, 40% and 100% of the eigenstates of the closed device
Hamiltonian). Even if only 10% of the eigenstates are used,
the first resonance can nicely be reproduced. The cutoff en-
ergy in this case is at 180 meV which explains the sudden
drop in T (E) for energies exceeding this value. Using 40%
of the eigenstates, the main features in the energy interval of
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Fig. 4 Calculated transmission coefficient T (E) of a double barrier
structure (barrier widths of 2 nm) showing the CBR feature of using an
incomplete set of eigenstates (10%, 40% and 100% of the eigenstates
of the closed device Hamiltonian). Even if only 10% of the eigenstates
are used, the first resonance can nicely be reproduced. The cutoff en-
ergy in this case is at 180 meV which explains the sudden drop in
T (E) for energies exceeding this value. Using 40% of the eigenstates,
the main features in the energy interval of interest can be reproduced
very well

interest can be reproduced very well because only the low-
energy part of the retarded Green’s function is relevant for
the transmission function near the band edge.

In Figs. 1–4 the energy E actually refers to the energy Ez

of the electron along the z direction.

5 The CBR method for two- and three-dimensional
devices

This section has the same structure as the one for one-
dimensional devices. We only mention the differences
with respect to the 1D devices. The most important as-
pect is, that now we have to deal with lead modes. For
2D devices the contacts are one-dimensional lines with
one-dimensional eigenfunctions. An example is shown in
Fig. 7 that is further discussed in Sect. 5.4. For 3D de-
vices the contacts are two-dimensional surfaces leading to
two-dimensional lead eigenfunctions. To obtain these lead
eigenfunctions χλ

m a corresponding one- or two-dimensional
Schrödinger equation has to be solved for each lead. The
1D Schrödinger equation is identical to (14), and the nor-
malization of the wave functions has to be done consis-
tently to the device wave functions. The dimension of the
contact Hamiltonian matrix is given by the number Nλ of
contact grid points connecting this lead to the device. The
total number of modes mλ of this lead is then also equal
to Nλ.

5.1 Energy levels and wave functions of the device
Hamiltonian (closed system)

For 2D and 3D devices, the corresponding two-dimensional
and three-dimensional Schrödinger equations are solved for
the closed system. At the device boundary grid points where
the device is in contact to the leads, Neumann boundary con-
ditions are employed along the propagation direction, i.e.
perpendicular to the lead line (2D device) or lead surface
(3D device). For all other device boundary grid points that
are not connected to leads, Dirichlet boundary conditions
are taken. Obviously, at these Dirichlet points any possible
leakage currents are zero which is reasonable if the barriers
are sufficiently high. If leakage currents are important, ad-
ditional contacts can be placed behind the barriers. Usually,
only a small number nα of the total number nT of eigenvec-
tors has to be calculated.

5.2 Projection of device eigenfunctions onto lead modes

In general, the vector χn of (21) has now the following struc-
ture

χn =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

χλ=1
n,m=1

. . .

χλ=1
n,m=m1

. . .

χλ=L
n,m=1

. . .

χλ=L
n,m=mL

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (36)

and takes into account that for each lead λ (λ = 1, . . . ,L)
several lead modes m (m = 1, . . . ,mλ) exist. The compo-
nents of the vector χn are calculated by projecting the parts
of the device eigenvectors ψn,C (real space representation)
that are in contact to the leads into the basis of the orthog-
onal lead eigenfunctions (mode space representation). For
each eigenvalue n, the amplitude of the wave function ψλ

n,i

at the contact grid point i is projected onto the amplitude of
the lead eigenfunction χλ

m,i of mode m at this contact grid
point

χλ
n,m =

∑
i

〈ψλ
n,i | χλ

m,i〉. (37)

The sum runs over all contact grid points i of the relevant
lead λ.

Incomplete set of lead modes Within the mode space basis
the self-energy matrix �C is diagonal and can be truncated
at the cutoff energy. We want to emphasize that the actual
number mλ

α of lead eigenvalues and lead wave functions
needed to get meaningful results within the CBR method
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can be much smaller than the total number mλ of lead modes
of this lead Hamiltonian matrix. Neglecting nonpropagating
high energy modes reduces the size of the contact block ma-
trices that have to be inverted for each energy. The new size
is then given by NC,m which is also the size of the vector
χn that now only takes into account the modes up to mλ

α

for each lead. For an exact solution all modes mλ have to
be included. The energy Emλ

α
of the highest lead eigenvec-

tor taken into account is the cutoff energy for this lead. It
should be significantly above the energy interval of interest
in order to get reliable results. This lead mode cutoff energy
should have about the same value as for the expansion of
G0

C (see (30)). For a 2D and 3D simulation, using such an
incomplete set of lead modes will significantly improve the
computational performance. For further details on the trans-
formation into the subspace of the propagating lead modes
for a 2D or 3D device, we refer to Sect. 5. “Mode space
reduction in single-band case” of [25].

5.3 Setup energy interval and calculate properties for each
energy Ei

For a 3D simulation, the energy Ei corresponds to the total
electron energy whereas for a 2D simulation Ei = Ex,y with
Ex,y being the energy of the electron in the (x, y) plane

Etotal = Ex,y + �
2

2m‖
k2‖ . (38)

Here, we assume the device to be translationally invariant
along the z direction (k‖ = kz, m‖ = mz).

5.3.1 Self-energy matrix �C

Within the basis of the orthogonal lead eigenfunctions
(mode space representation) the self-energy matrix �C is
diagonal

�C =
⎛
⎝�λ=1 0 0

0 . . . 0
0 0 �λ=L

⎞
⎠ . (39)

For each lead a small diagonal submatrix �λ of dimension
mλ

α has to be calculated. Its components are the contact self-
energies �m

λ for each mode m (m = 1, . . . ,mλ
α) of the rele-

vant lead

�m
λ = −t exp

(
ikλ

m�
)
. (40)

Therefore a wave vector kλ
m for each lead and for each trans-

verse mode m has to be calculated (for each energy Ei )

kλ
m(Ei) = 1

�
arccos

(
Ei − Eλ

m

2t
− 1

)
. (41)

Obviously, the propagation direction can now be along the
x, y or z direction, depending on the orientation of the lead
with respect to the device. Then for the contact boundary
grid point the corresponding mass tensor component and the
grid spacing � along the appropriate propagation direction
has to be taken for t . Equation (41) can be derived from the
dispersion of a discrete lattice

E(kλ
m) = Eλ

m + 2t
(
1 − cos

(
kλ
m�

))
, (42)

where Eλ
m is the eigenenergy of the mth mode of lead λ.

5.4 Transmission function of a 2D structure with several
barriers (2D Example)

As a simple 2D illustration we take the same example as
presented in [3]. The structure consists of three leads with
a Gaussian shaped barrier of height 1.0 eV in the middle
and a double barrier in the upper part of the device with a
height of 0.4 eV. The device has a width of 20 nm and is
discretized with 41 grid points in each direction leading to a
Hamiltonian matrix of dimension NT = 1681 (grid spacing
0.5 nm). For further details we refer to the original publi-
cation [3]. Figure 5 shows the conduction band edge profile
and the square of the wave function of the 26th eigenstate
which is a resonance state of the device where the transmis-
sion coefficient T13(E) between lead 1 and lead 3 shows a
local maximum at around 0.18 eV (see Fig. 6). This cor-
responds to resonant tunneling in the upper path where the
electron tunnels through the double barrier. The first peak at

Fig. 5 Conduction band profile (barrier of 2D Gaussian shape and a
double barrier of height 0.4 eV) of a 2D device that is connected to
three leads. Indicated is the square of the wave function of the 26th
eigenstate which is a resonance state of the device where the trans-
mission coefficient T13(E) between lead 1 and lead 3 shows a local
maximum at around 0.18 eV (see Fig. 6)
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Fig. 6 Transmission coefficient T13(E) between lead 1 and lead 3 us-
ing an incomplete set of eigenstates of 7% (thin line) and 18% (thick
solid line with squares) of the 2D device Hamiltonian of the closed
system for the structure presented in Fig. 5. The first peak at 0.11 eV
is a resonance due to electrons traveling the path below the Gaussian
shaped barrier, the next two peaks are resonances where the electrons
travel the other path where they tunnel through the double barrier

0.11 eV in the calculated transmission coefficient is not due
to a resonance of the double barrier—as one might first be
tempted to guess. It is related to the electron travelling the
lower path around the Gaussian shaped barrier. Such infor-
mation can be obtained by the visualization of the relevant
wave functions or local density of states at this energy (not
shown). This example demonstrates that even for very sim-
ple structures, it is vital to have access to calculated quantum
mechanical properties in order to characterize the peaks cor-
rectly.

Figure 6 shows that using an incomplete set of eigenstates
of only 7% (118 of 1681) of the 2D device Hamiltonian of
the closed system is sufficient to calculate the transmission
coefficient up to energies of 0.4 eV. In 1D devices the trans-
mission function cannot exceed the value of 1. For 2D and
3D devices the maximum value of the transmission function
is obtained if each of the mλ lead modes in one lead trans-
mits perfectly to the other lead. So in our example where
the leads 1 and 3 each have 41 modes, the maximum of the
transmission can certainly exceed T = 1 but the upper limit
is T = 41. Figure 7 shows the calculated lead modes (eigen-
functions of the one-dimensional Schrödinger equation) of
lead no. 1 of the same structure. The conduction band edge
profile at the contact grid points (squares) is not constant due
to the Gaussian shaped barrier in the center of the device that
extends to the contacts. Shown are the lowest four eigenen-
ergies (thin, constant lines) and their corresponding proba-
bility amplitudes |χλ=1

m 〉2 that are shifted with their eigenen-
ergies. The lead modes have been calculated by discretizing
the 1D Schrödinger equation with a grid spacing of 0.5 nm
and 41 grid points, using Dirichlet boundary conditions. The

Fig. 7 Calculated lead modes (eigenfunctions of the one-dimensio-
nal Schrödinger equation) of lead no. 1 of the same structure as in
Fig. 5. The conduction band edge profile Ec at the contact grid points
(squares) is not constant due to the Gaussian shaped barrier in the
center of the device. Shown are the lowest four eigenenergies (thin,
constant lines) and their corresponding probability amplitudes that are
shifted with their eigenenergies

lead modes of lead no. 3 are identical because the structure
is symmetric.

6 Local density of states

In order to obtain the local density of states (LDOS) for
each energy Ei , some additional steps are required. In the
following the index C indicates that the matrices have size
NC. If an incomplete set of lead modes has been used (see
Sect. 5.2) all these matrices are in fact smaller and have only
a size of NC,m. However, for better readability we now omit
the index m and write only C.

We need the lower left part GR
DC of the retarded Green’s

function that correlates the device and the contacts (see (7)).
It is obtained from the corresponding Dyson equation

GR
DC = G0

DCB−1
C , (43)

BC = 1C − �CG0
C, (44)

where 1C is the identity matrix and �CG0
C is a simple ma-

trix multiplication of two small matrices that have been cal-
culated already (see Sects. 4.3.1 and 4.3.3). The matrices
GR

DC and G0
DC are not square matrices. As they correlate

the interior device grid points with the leads, they have the
dimension ND × NC. They are represented within a mixed
real space and lead mode space representation. The Green’s
function G0

DC of the closed device can be expressed in terms
of the following spectral representation

G0
DC =

nα∑
n=1

|ψn,D〉〈ψn,C|
Ei − En

, (45)
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which reads in mixed real space (index z) and lead mode
space (index m)

G0
DC(z,m) =

nα∑
n=1

〈z|ψn,D〉〈ψn,C|m〉
Ei − En

(46)

=
nα∑

n=1

ψn,D χT
n

Ei − En

= �DM. (47)

In fact, this only involves a matrix multiplication �DM
where the dimensions of the matrices are

G0
DC : ND × NC,

�D : ND × nα,

M : nα × NC.

(48)

The matrix �D contains in columns 1, . . . , nα the wave vec-
tors ψn,D of the eigenstate n of the closed device Hamil-
tonian

�D = (
ψ1 . . . ψnα

)
. (49)

The matrix M is defined as

M =
⎛
⎜⎝

MT
1

. . .

MT
nα

⎞
⎟⎠ , (50)

where we store for each eigenvalue En the following vector

Mn = 1

Ei − En

χn. (51)

This is actually the same as (21) (or (36), respectively) apart
from the coefficient 1/(Ei − En). M is of dimension nα ×
NC where nα ≤ nT is the number of eigenvalues taken into
account, and NC is the dimension of the χn vectors in the
mode space representation.

The inverted matrix B−1
C can be obtained using the same

implementation of the inversion algorithm analogously to
Sect. 4.3.4. The matrix multiplications involving large ma-
trices ((43) and (47)) can be performed efficiently using
standard routines from numerical libraries (e.g. BLAS [31]
routines ZGEMM and DGEMM, respectively).

The local density of states ρ(z,E) is the diagonal (di-
vided by 2π ) of a more general concept called the spectral
function A(E) = A(z, z′,E). The local density of states ρλ

for each lead λ (lead connected local density of states) can
easily be calculated at each grid point z from the retarded
Green’s function GR

DC(z,m) (in mixed real space and mode
space representation) and the broadening matrix �

ρλ(z,Ei) = 1

2π
Aλ(z, z,Ei) (52)

= 1

2π
〈z|GR�λGR†|z〉 (53)

= 1

2π

mλ
α∑

m=1

∣∣GR
DC(z,m)

∣∣2
�λ

mm. (54)

�λ is diagonal in the subspace of the propagating lead
modes. The sum runs over all modes m of lead λ. For a
1D simulation, there is only one mode, and thus GR

DC is a
ND × 2 matrix and �λ

mm is the diagonal of �λ, i.e. only a
vector of length 2 has to be stored. The LDOS must have
units of 1/energy 1/length (eV−1 nm−1) in a 1D simula-
tion (2D: 1/energy 1/area, 3D: 1/energy 1/volume). As we
normalized the wave functions to be dimensionless, the cal-
culated LDOS has to be divided by the grid spacing � for
consistency. The total local density of states is simply the
sum over the LDOS of each lead

ρ(z,Ei) =
L∑

λ=1

ρλ(z,Ei). (55)

So far we calculated the local density of states only at
the interior device grid points ND. All of the equations in
this section apply equally well to the contact grid points NC

if one replaces the subscript D with the subscript C. In a
numerical implementation, one simply has to use in (47) the
wave vectors ψn,T of the total device

G0
TC(z,m) = �TM, (56)

and to replace in (43) and (54) GR
DC by GR

TC to obtain the
local density of states ρλ(z,Ei) for both interior and con-
tact grid points simultaneously. The matrix �T is stored in
memory and has been obtained from numerically solving the
Schrödinger equation (15).

Density of states The density of states (DOS) Dλ(Ei) for
each lead can be obtained by integrating the local density of
states ρλ(z,Ei) for each energy Ei over the spatial coordi-
nate z

Dλ(Ei) =
∫

ρλ(z,Ei)dz = �

NT∑
z=1

ρλ
z (Ei). (57)

Thus the DOS Dλ(Ei) can easily be obtained by adding the
components of the vector that stores ρλ

z (Ei) and multiplying
this sum by the grid spacing �. The total density of states is
then simply the sum over the DOS for each lead

D(Ei) =
L∑

λ=1

Dλ(Ei). (58)

The DOS is in units 1/energy.
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7 Density

The charge density can be calculated via the density matrix
or via the local density of states [23]. We recommend to use
the local density of states. This is favorable within a self-
consistent scheme, since it allows for the use of a predictor-
corrector scheme (see Sect. 8.2) to improve the convergence.
From the lead connected local density of states ρλ(x,E), the
local energy resolved carrier density nλ

E(x,E) for each lead
λ is obtained by occupying each level with the distribution
function f (E,μλ) of the corresponding lead

nλ
E(x,E) = gsgvρ

λ(x,E)fdD (E,μλ) , (59)

where gs = 2 is the spin degeneracy and gv is the valley de-
generacy. The latter is relevant when treating electrons that
are in the X or L valleys, like in AlAs, silicon or germa-
nium. In higher dimensions or if these bands are split due to
strain, usually for each valley a separate Schrödinger equa-
tion has to be solved. Depending on the simulation dimen-
sion (d = 1,2,3) the appropriate Fermi function fdD has to
be used which takes into account the k‖ vectors that occur
in 1D and 2D simulations. For a device that is homogeneous
along the x and y directions (1D simulation) it is given at a
particular energy Ez by

f1D(Ez,μ) = m‖kBT

2π�2
ln

(
1 + e−(Ez−μ)/kBT

)
, (60)

where m‖ (z) is the effective mass tensor component in the
(x, y) plane of the respective valley (which generally varies
with position z and thus has to be averaged over the spatial
coordinates weighted with the local density of states for each
energy). f1D is in units of 1/area.

The analogous equations for 2D and 3D devices are

f2D(Ex,y,μ) = 1

2

√
m‖kBT

2π�2
F−1/2

(
(μ − Ex,y)/kBT

)
(61)

where m‖(x, y) is the effective mass tensor component
along the homogenous z direction, and F−1/2 is the Fermi-
Dirac integral of order −1/2 which can be evaluated effi-
ciently using approximation formulas [32]. f2D is in units
of 1/length. In 3D the usual Fermi function is used which is
of course dimensionless

f3D(E,μ) = 1

1 + exp ((E − μ)/kBT )
. (62)

From the lead connected local energy resolved density
nλ

E(x,E), the local carrier density nλ(x) for each lead λ

is obtained by integrating over the energy E

nλ(x) =
∫

nλ
E(x,E)dE. (63)

The total density is the sum over the contributions from all
leads

n(x) =
L∑

λ=1

nλ(x). (64)

The units are 1/volume in all dimensions.
In the explanations above we introduced the term

energy resolved density. For 1D (2D) simulations this en-
ergy E = Ez (E = Ex,y ) did not take into account the en-
ergy due to k‖ �= 0. The total energy of the electron is given
by (22) for the 1D case and by (38) for the 2D case. It is
necessary to include these k‖ contributions into the energy
resolved density to get meaningful plots. This is done by
first evaluating the local density of states ρ(z,Etotal) for the
total energy, and then occupying the LDOS by the usual
Fermi function (62). In 1D simulations, information about
the system under study can be obtained by plotting the en-
ergy resolved electron density n(x,Etotal) and the energy
resolved electron density nλ(x,Etotal) for each lead. These
are two-dimensional plots like the local density of states.
The density can be split into two parts, one originating from
the left lead, and one from the right lead (see Fig. 10). In 2D
simulations the plot of the energy resolved electron density
or local density of states is a three-dimensional plot. This
makes it difficult to analyze these quantities in 3D simula-
tions where they are four-dimensional. Thus one can only
plot slices through these 4D data.

8 Self-consistent CBR algorithm

The self-consistent solution of the ballistic transport proper-
ties of an open device requires the repeated solution of the
Schrödinger and Poisson equations due to the coupling via
the potential and the quantum mechanical density. Also, the
lead modes are calculated self-consistently using the poten-
tial at the contacts, obtained from the solution of the Poisson
equation. In principle, it is possible to simply iterate the so-
lution of theses equations, and with enough damping this
will lead to yield a converged result. To improve the conver-
gence of a highly nonlinear set of coupled equations, such as
the Schrödinger-Poisson problem, the Newton algorithm is
usually the first choice. But since the exact Jacobian cannot
be derived analytically and a numerical evaluation would be
too costly, the simple adaption of this method is not feasible.
For the case of a closed system this problem has been solved
using a predictor-corrector approach [33]. The aim of this
highly efficient method is to find a good approximation for
the quantum density as a function of the electrostatic poten-
tial where an expression for the Jacobian is known. Within
this approximation the nonlinear Poisson equation can ef-
ficiently be solved using the Newton scheme resulting in a
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predictor update for the electrostatic potential and the car-
rier density. If this approximation is close enough to the real
quantum density, only very few updates will be necessary
to yield a converged solution. This means that for each bias
step, the Schrödinger equation has to be solved less than ap-
proximately 10 times until the potential and the density are
sufficiently converged. In the nin-resistor example presented
below, the Schrödinger equation had to be solved only 2–3
times for each bias step.

8.1 Poisson equation

The Poisson equation describes the electrostatics within the
device and reads

∇ · [ε0εr(x)∇φ(x)] = −ρ(x), (65)

where ε0 is the permittivity of vacuum and εr is the mater-
ial dependent relative permittivity at position x. The charge
density distribution ρ(x) within a semiconductor device is
given by

ρ(x) = e
[−n(x) + p(x) + N+

D (x) − N−
A (x)

]
, (66)

where n and p are the electron and hole densities, and N+
D

and N−
A are the ionized donor and acceptor concentrations,

respectively. The electron and hole densities can be calcu-
lated classically within the Thomas-Fermi approximation or
quantum mechanically if quantum confinement effects are
important. In this work, we only take into account one con-
duction band and calculate the electron density n quantum
mechanically as described in Sect. 7. We only consider fully
ionized donors N+

D and neglect all other contributions to the
density. The Poisson equation is discretized on a uniform
grid with a finite differences method. It is solved numeri-
cally by an iterative Newton-Raphson scheme. More details
about the numerical solution of the Poisson equation can be
found in [18, 28]. For both equilibrium and nonequilibrium
calculations, we use Neumann boundary conditions for the
Poisson equation which implies a vanishing electric field at
the boundaries

∂φ

∂z
= 0. (67)

This is the recommendation for ballistic devices [1]. An al-
ternative would be to use Dirichlet boundary conditions for
nonequilibrium simulations [18]. Here, one first has to de-
termine the electrostatic potential in equilibrium (built-in
potential) using zero-field (Neumann) boundary conditions.
The electrostatic potential at the boundaries is then fixed
with respect to the chemical potentials taking into account
the previously calculated built-in potential at the boundaries.
For both boundary conditions, the chemical potentials at the
contacts are fixed and correspond to the applied bias. Further

boundary conditions are summarized in [34]. These include
the concept of a drifted Fermi distribution function in the
leads that accounts for a net current flow in those leads.

8.2 Predictor-corrector approach

A fast and robust iterative method for obtaining self-
consistent solutions to the coupled system of Schrödinger
and Poisson equations is very important. Basically, a sim-
ple expression describing the dependence of the quantum
electron density on the electrostatic potential is required
(∂ρ/∂φ). This expression is then used to implement an iter-
ation scheme, based on a predictor-corrector type approach,
for the solution of the coupled system of differential equa-
tions. Within the CBR method, a predictor-corrector ap-
proach can easily be applied making use of the previously
calculated local density of states by modifying (59) slightly
to get the energy resolved density for the predictor potential.
This predictor density nλ

E,p(x,E,�φ) is then given by

nλ
E,p = gsgvρ

λ(x,E)fdD
(
E − e�φ(x),μλ

)
. (68)

The idea behind this approximation is that to first order
the wave functions, and therefore the local density of states
ρλ(x,E), remain unchanged for small deviations in the po-
tential. Only the eigenenergies are adjusted locally to small
changes in the electrostatic potential �φ(x). This is achieved
by using E − e�φ(x) instead of E as the new argument for
the Fermi function fdD.

The charge density used in the Poisson equation is a func-
tion of the electrostatic potential (‘nonlinear’ equation). The
nonlinear Poisson equation can be solved very fast using a
predictor density. This density avoids the time-consuming
procedure of solving the Schrödinger equation many times.
Once the new electrostatic potential for the predictor den-
sity has been obtained, the new quantum mechanical den-
sity, i.e. the new local density of states for this potential can
be evaluated. This procedure is iterated until convergence of
both the electrostatic potential and the quantum mechanical
charge density is achieved.

The nonlinear Poisson equation itself is solved by a
Newton-Raphson method where the functional

F = A · φ + ρ = 0 (69)

is minimized. Here, A represents the discretized Poisson
matrix and ρ is a vector representing the charge density for
each grid point. The Newton algorithm finds an electrostatic
potential vector φj+1 = φj +�φ such that the magnitude of
the residuum vector F becomes smaller than a certain small
threshold of ε. The electrostatic potential φj of the j th iter-
ation step is kept fixed within the Newton method. The in-
dex j refers to the outer Schrödinger-Poisson iteration and
counts how often the Schrödinger equation has to be solved
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until convergence is obtained. Once the Newton algorithm
has converged to a correction �φ , the Schrödinger equation
(i.e. the CBR algorithm) is solved for the updated electro-
static potential φj+1. The new local density of states is then
input to the next iteration of the Newton algorithm.

For the Newton correction, the Jacobi matrix J is needed.
It is simply the Poisson matrix plus the derivative of the den-
sity with respect to the potential

J = ∂F
∂φ

= A + ∂ρ

∂φ
= A + ∂np

∂φ
. (70)

Thus within the CBR method, the derivative of the predic-
tor density np with respect to the potential is needed. This
derivative is available using (68) and the derivative of the
Fermi functions fdD with respect to �φ .

The iteration approach presented in this section simplifies
the numerical implementation of the nonlinear Schrödinger-
Poisson problem significantly. In addition, it provides excel-
lent convergence speed and stability. Further details about it
can be found in [23].

8.3 Self-adapting energy grid

For the numerical implementation of a self-consistent
scheme using a continuous density of states, the energy grid
is of high importance. To integrate the carrier density, we
discretize the local density of states in energy space and
then employ a simple numerical integration by summing up
the values for each energy step weighted by the Fermi dis-
tribution and the energy grid spacing �E . Since the DOS is
a very spiky function with peaks corresponding to highly lo-
calized states due to the onset of the conduction band edges
at the contacts (1D) or due to the propagating lead mode
energies (2D/3D), it is very important for the convergence
of the self-consistent CBR algorithm to have these features
properly resolved. Additional peaks arise from quasi-bound
states, like for instance in the double barrier structure (10 nm
barrier widths) as discussed in Sect. 4.4. Usually the main
structural features in the DOS are due to the lead modes. If
quasi-bound states are the dominant features in the DOS,
one could use the information about their energy levels
(which is available within the CBR method) to optimize
the energy grid. Thus we need an energy grid that is self-
adapting to the density of states which varies for each itera-
tion. Otherwise, a well converged self-consistent solution is
not possible unless a lot of energy grid points are used.

In 2D simulations of e.g. a double gate MOSFET where
the channel acts as a one-dimensional wire, the peaks show
a 1/

√
(Ei − Eλ

m) dependence, where Eλ
m is the peak energy

arising due to the onset of the lead modes (2D/3D). The
peaks in our 1D nin-resistor example (Fig. 11) show also
a 1/

√
(Ei − Eλ

m) dependence, where Eλ
m = Eλ

c is the peak
energy arising due to the onset of the conduction band edges

at the contacts (1D). The integral over the peak is thus very
poor when using an energy grid with constant grid spac-
ing (uniform energy grid, see Sect. 4.3), since the relative
distance between the nearest energy grid point Ei and the
peak energy Eλ

m is arbitrary. Additionally, the lead mode en-
ergy is slightly shifted with each iteration step, leading to
a varying integration error during the self-consistent cycle,
which is a sure kill for any self-consistent algorithm. Thus
a solution to this problem is to use the physical informa-
tion we have about the system and employ a self-adapting
energy grid that resolves each known (i.e. relevant) peak m

with a local energy grid of a few tens of energy grid points
that is fixed to the lead mode energy Eλ

m. Additionally, extra
points are distributed in the space between the peaks to ob-
tain a smooth enough energy grid. An exponential grid type
is recommended since it provides a good resolution of the
1/

√
E behavior of the peaks. In order to avoid singularities

the energy grid points are not allowed to match exactly the
eigenenergies of the closed system. For each peak, the first
grid point is set slightly below the onset of the peak and then
each grid point i is set with increasing energy grid spacing

�Ei = g�Ei−1 = gi�E0, (71)

starting with the initial grid spacing �E0 = 0.1 meV, and a
grid factor g = 1.2, for instance. A grid factor of g = 1.0
leads to a locally linear grid which has been found to be
not as efficient as the exponential grid. The parameters that
specify the energy grid are the total number of energy grid
points, the maximum number of peaks taken into account,
the number of energy grid points in the local grid around a
peak, and the grid factor. The minimum value of the energy
grid should be slightly below the minimum of the conduc-
tion band edges of the contacts, the maximum value should
not be higher than Emax = 0.25t , where t is defined analo-
gously to (25).

Figure 11 demonstrates that the peaks in the LDOS and
DOS of a simple nin-structure (see Sect. 8.5) are well re-
solved, and that for other regions in the energy interval less
grid points are fully sufficient. The energy grid consists of
300 grid points including the extra points used to resolve
the onsets of the two peaks at the conduction band edges
of the contacts. Importantly, the integration error is reduced
compared to the uniform grid and remains constant within
the iteration, since the grid is locally fixed to the shifting
lead mode energies (or conduction band edges in a 1D sim-
ulation). The convergence behavior of a uniform grid with
an order of magnitude more energy grid points is very sim-
ilar for the first iteration steps. The achieved convergence
is measured by a residuum which is a very small number.
Compared to the self-adapting grid, the uniform grid reaches
a bottom at the residuum, which cannot be reduced further.
This is due to the fluctuating integration error. In contrast,
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the self-adapting energy grid guarantees satisfying conver-
gence.

As the contact block matrices have to be inverted for each
energy, the computational time depends linearly on the total
number of energy grid points. Therefore, a numerical imple-
mentation of an optimized energy grid is very important for
an efficient use of the CBR method.

8.4 Extracting the quasi-Fermi level

For all calculations presented in this paper, the extraction
of the quasi-Fermi level was not necessary because only
one conduction band has been involved. For equilibrium so-
lutions, we so far assumed that the Fermi level (chemical
potential) is constant and fixed to EF = 0 eV, allowing the
semiconductor band edges to adjust according to the electro-
static potential as calculated from the Poisson equation (see
Sect. 8.1). For nonequilibrium calculations where the device
is under bias, one could extract a spatially varying quasi-
Fermi level EF(z) in order to get meaningful (or to avoid
artificially wrong) charge densities for all other bands that
are not treated quantum mechanically with the CBR method,
e.g. hole bands or higher lying electron bands. This might be
necessary for the self-consistent CBR algorithm under high
bias conditions, where for each iteration the quasi-Fermi
levels have to be obtained self-consistently. The reason is
that the equation for the classical densities needs a reason-
able value for the local quasi-Fermi level. In nonequilibrium
calculations electrons and holes can be described by differ-
ent quasi-Fermi levels (EF,n(z), EF,p(z), respectively). The
quasi-Fermi level for electrons can be obtained by finding
(e.g. using a bisection algorithm) for each grid point z the
appropriate local quasi-Fermi level EF,n(z) that corresponds
to the actual electron density at this grid point (and similar
for the holes). These Fermi levels would lie in between the
chemical potentials of the left and right contact which are
kept fixed in a nonequilibrium calculation. Rather than oc-
cupying the lead connected local density of states with the
chemical potential of the relevant lead (equation (59)), one
would occupy the total local density of states (equation (55))
at position z by taking an average (EF,n(z)) of the chemical
potentials of all leads.

Bound states treatment Electronic states that are below
the conduction band edges of the contacts do not get oc-
cupied within a ballistic algorithm. All higher lying states
contribute via the local density of states to the quantum me-
chanical density. It is not a realistic treatment to ignore the
lower lying bound states as they usually get filled through
scattering events. Therefore the density originating from the
bound states obviously contributes to the electrostatics of
the device and should be included into the Poisson equation.
An example calculation of a quantum well that is completely

empty within a ballistic calculation but gets filled once scat-
tering is included has been discussed in detail in [35]. As
the probability densities of the electronic states are available
(see Sect. 4.1), one could use this information and occupy
the states that are below the conduction band edges of the
contacts locally with a self-consistently determined quasi-
Fermi level. This is the standard approach usually employed
in Schrödinger-Poisson solvers. Here, however, for energies
where the LDOS from the ballistic calculation is available,
the CBR density is used instead. So the total density has
two contributions, one from the bound states and one from
the CBR density. Another approach how to include bound
states is described in [23].

8.5 nin-resistor (1D example)

As a simple example to illustrate the self-consistent CBR
method, we choose a nin-structure where quantum confine-
ment effects are not relevant. Hence, the equilibrium solu-
tion can be easily checked against the standard approach for
calculating the carrier concentration in semiconductor de-
vices. This classical density is obtained using Fermi-Dirac
integrals and the effective density of states of the conduc-
tion (and valence) bands. We emphasize that in Figs. 8
and 9 we only used quantum mechanical densities calcu-
lated with the CBR method (see Sect. 7). In equilibrium, the
CBR approach leads to the same conduction band profile
and the same carrier densities as the classical approach (not
shown). The nin-structure consists of GaAs and has a length
of 80 nm. The doping profile is symmetric with a donor con-
centration of N+

D = 1 ·1018 cm−3 (fully ionized). The 35 nm

Fig. 8 Conduction band edge profiles and electron densities of a sym-
metric nin-structure calculated with the self-consistent CBR method.
Solid lines are equilibrium results, dotted lines correspond to an ap-
plied bias of VSD = −50 mV at the right contact. The chemical
potential in equilibrium is equal to μ = 0 meV (dashed line). Un-
der bias, the chemical potential of the right contact is increased by
50 meV, indicated by the vertical arrow. The doping profile is sym-
metric (N+

D = 1 · 1018 cm−3)
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Fig. 9 Same as Fig. 8 but for the n+in-structure that has an asym-
metric doping profile (0–35 nm: N+

D = 2 · 1018 cm−3, 45–80 nm:
N+

D = 1 · 1018 cm−3)

wide n-type doped regions at the source and drain sides are
separated by a 10 nm wide intrinsic region in the middle. For
comparison, we also study an asymmetrically doped n+in-
structure where the left n-type region has a doping con-
centration of N+

D = 2 · 1018 cm−3 (0–35 nm) and the right
doping region has a concentration of N+

D = 1 · 1018 cm−3

(45–80 nm). The temperature is set to 300 K. The device
is discretized with a grid spacing of 1 nm. A self-adapting
energy grid of 300 energy grid points is used. For each bias
point, it is sufficient to solve the Schrödinger equation only
2–3 times to get well converged results. This shows that this
nin-resistor is well suited as a test case to benchmark an ef-
ficient implementation of both the self-adapting energy grid,
and the predictor-corrector algorithm.

Figures 8 and 9 show the conduction band edge profiles
and electron densities of the symmetric nin- and asymmet-
ric n+in-structures, respectively, calculated with the self-
consistent CBR method. The solid lines are equilibrium re-
sults and the dotted lines correspond to an applied bias of
VSD = −50 mV at the right contact. The chemical potential
in equilibrium is equal to μ = 0 meV (dashed line). Un-
der bias, the chemical potential of the right contact is in-
creased by 50 meV, indicated by the vertical arrows. As a
consequence of the zero-field boundary conditions for the
Poisson equation, the band edges are flat at the contacts.
However, for the symmetric nin-structure the difference in
the conduction band edges at the left and right contact is
smaller than the actual difference in the chemical potentials.
The same holds for the asymmetric n+in-structure if one
takes the built-in potential (of the equilibrium calculation)
into account. The reason for this behavior is as follows (see
Chap. 11.4 ‘Where is the voltage drop’ of [1]): In ballistic
simulations a fraction of the density of states at one contact
is always controlled by the contact at the other end. Mak-
ing the end regions of the device longer will not change this

Fig. 10 (Color online) Individual electron densities due to the left
(blue lines) and the right (red lines) contact are shown for the asymmet-
ric n+in-structure. The total density is identical to Fig. 9 (black lines).
Solid lines are equilibrium results, dotted lines correspond to the ap-
plied bias VSD = −50 mV. The donor concentration profile N+

D is also
shown. Raising the chemical potential at the right contact increases
(decreases) the density due to the occupation of the corresponding lo-
cal density of states of the right (left) contact

situation. This can easily be understood by separately vi-
sualizing the electron densities that originate from the left
and right contacts. This is shown in Fig. 10 where the indi-
vidual electron densities due to the left (blue lines) and the
right (red lines) lead are shown for the asymmetric n+in-
structure. The total density is identical to Fig. 9 (black lines).
Solid lines are equilibrium results, dotted lines correspond to
the applied bias VSD = −50 mV. The donor concentration
profile N+

D is also shown. Raising the chemical potential at
the right contact increases the density due to the occupation
of the corresponding local density of states of this contact
(lead connected local density of states, see Sect. 6). Conse-
quently, the density due to the other lead must decrease to
guarantee global charge neutrality. There are two ways for
the density to decrease, one is changing the chemical poten-
tial of the relevant lead (which is not possible as it is fixed
due to the boundary condition), the other possibility is to ad-
just the electrostatic potential, and thus the conduction band
edge. The latter situation corresponds to zero-field boundary
conditions (Neumann). This explains why Dirichlet bound-
ary conditions are inappropriate for ballistic devices. For
quantum cascade laser (QCL) simulations where the doping
concentration is low, Neumann boundary conditions seem
to be a natural choice where one allows the derivative of the
potential at the left and right boundaries

∂φ

∂z
= const (72)

to adjust self-consistently under the condition of global
charge neutrality, i.e. requiring equal slope at the bound-



284 J Comput Electron (2009) 8: 267–286

Fig. 11 (Color online) Local density of states (LDOS) at the left (Lead
1, black solid line) and right (Lead 2, red dotted line) contact of the
asymmetric n+in-structure in equilibrium. The self-adapting energy
grid is able to resolve the peaks in the LDOS sufficiently accurate (300
energy grid points in total). Also shown is the density of states (DOS,
blue dashed line) which is the integrated LDOS over the position (sum
over all lead contributions). The DOS has peaks at the onset of the
conduction bands edges at the left and right contacts

aries. The slope is adjusted in such a way that the poten-
tial drop across the device equals the bias voltage that is de-
fined by the difference between the chemical potentials in
the contacts [2]. This will lead to finite electric fields at the
boundaries that correspond to the applied electric field in the
QCL.

Figure 11 shows the local density of states at the left
(Lead 1, black solid line) and right (Lead 2, red dotted line)
contact of the asymmetric n+in-structure in equilibrium, i.e.
one-dimensional slices at the first (z = 1) and last (z = NT)
grid point of the two-dimensional LDOS ρλ(z,Ei) plot of
lead λ (equation (54)). The self-adapting energy grid is able
to resolve the peaks in the LDOS sufficiently accurate (300
energy grid points in total). This is very important in a self-
consistent algorithm to ensure converged results for the elec-
tron density which has to be integrated over energy (equa-
tion (63)). Also shown is the density of states (DOS, blue
dashed line) which is the integrated LDOS over the posi-
tion for each lead, and then the contributions of each lead
are added (equation (58)). The DOS has peaks at the onset
of the conduction bands edges at the left and right contacts.
Note that the energy axis corresponds to the energy Ez along
the z direction and not to the total energy Etotal which in-
cludes the integration over k‖. The spin degeneracy factor is
included in this figure.

The linear regime of the current-voltage characteristics of
the symmetric (solid line) and asymmetric (dotted line) nin-
structures has been calculated with the self-consistent CBR
method and is shown in Fig. 12. For the asymmetric n+in-
resistor the applied voltage corresponds to reverse bias op-
eration. In comparison to the symmetric nin-structure, the

Fig. 12 Linear regime of the current-voltage characteristics of the
symmetric (solid line) and asymmetric (dotted line) nin-structures cal-
culated with the self-consistent CBR method at a temperature of 300 K

asymmetric resistor shows a higher current density because
the effective barrier width and the effective barrier height
due to the intrinsic region is reduced. In this small device,
the limiting case of ballistic quantum transport is a suitable
approximation. For such low biases, the calculated current
density of the ballistic calculations do not deviate strongly
from calculations that include both scattering and more ad-
vanced lead models (not shown). The main reason is the ab-
sence of confined states below the conduction band edges of
the leads. These states get only filled if scattering is present,
and can then influence the charge carrier distribution signif-
icantly. In such a case, a ballistic quantum transport model
is not adequate. When modeling resonant tunneling devices
and especially quantum cascade lasers, it is very important
to include scattering. The latter might be designed based on
e.g. resonant conditions with longitudinal optical phonons
(LO-phonon scattering).

9 Current

The transmission function T (E) can be computed, once the
band edge profile of the device has been obtained by means
of a charge self-consistent calculation. The ballistic cur-
rent from lead λ to lead λ′ can be calculated based on the
Landauer-Büttiker formula (see (1)). This equation has to
be adjusted for 1D and 2D simulations if the transmission
coefficient is a function of Ez or Ex,y , respectively, rather
than of the total energy. In 1D, the integration has to be per-
formed over Ez, and the Fermi function f (E,μ) has to be
replaced with the corresponding Fermi function f1D(Ez,μ)

given in (60). In 2D, the integration has to be performed
over Ex,y and (61) shows the appropriate Fermi function
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f2D(Ex,y,μ). The Fermi functions include the correspond-
ing units, so the current in 1D is given in units of [A/m2], in
2D in [A/m] and in 3D in [A].

If more than two leads are present in the device, then for
the total current through a particular lead λ the contributions
from all other leads λ′ have to be summed up

Iλ =
L∑

λ′=1

Iλλ′ (λ′ �= λ). (73)

10 Conclusions

The contact block reduction method is a variant of the non-
equilibrium Green’s function formalism. In this article we
presented a numerical implementation of the CBR method
in detail. Charge self-consistent calculations can be per-
formed very efficiently even for 3D structures by means of
the CBR approach. Once the potential profile of a device
with an arbitrary number of contacts has been obtained, the
ballistic current can be calculated based on the Landauer-
Büttiker formula. The presented model is suitable for ex-
tremely small devices or very low temperatures, where the
incoherent scattering lengths exceed the geometrical device
size.
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