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We present a relativistic self-interaction-free density-functional formalism based on the local-
density approximation with additional correction terms, and propose an algorithm for its numerical
solution. The rigorous foundations of the scheme in density-functional theory and the resulting
effective one-electron picture are discussed. Calculations for several atoms are shown as a practical

example.
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I. INTRODUCTION

In the past 15_years, self-interaction corrections to ap-
proximative density-functional schemes have been suc-
cessful in the prediction of the electronic properties
of atoms [1-3], small molecules [4,5], transition metal
compounds including high-temperature superconductors
{6,7], and in the study of model systems [8,9].

The predominant method has been the self-interaction-
corrected local-spin-density approximation (SIC-LSD)
that goes back to the work of Perdew and Zunger [1] in
1981. Most of the published calculations have not taken
relativistic effects into account. This is certainly of little
importance for the first through third row elements, for
which the bulk of the atomic calculations was done, but
is of increasing significance in heavier elements. Cole and
Perdew [10] have employed a scalar relativistic. approx-
imation, but they worked with nonorthogonal orbitals,

which amounts to an incomplete minimization of the to=-

tal energy functional.

The aim of the present paper is twofold. First, we
develop a fully self-consistent relativistic self-interaction-
corrected local-density-functional formalism. Second, we
give a comprehensive description of the foundations of
the scheme within density-functional theory, since this is
a point which has been disputed [11], and we demonstrate
that equations for one-electron-type wave functions can
be formulated that completely parallel the Kohn-Sham
equations of the local density approximation (LDA) and
possess a state-independent effective potential with a
small, short-range nonlocal component. The respective
eigenvalues turn out to be good approximations to true
excitation energies.

The paper is structured as follows: the theoretical
foundations of the self-interaction correction scheme and
the one-electron picture are introduced nonrelativisti-
cally in Sec. II, in Sec. III the relativistic formalism is
laid out, and in Sec. IV the actual atomic calculations
are described and results presented and discussed. The
Appendix contains details of the numerical algorithm de-
veloped for the present calculations. Atomic units are
used throughout the paper.
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II. SELF-INTERACTION-CORRECTED
LOCAL-DENSITY APPROXIMATION

A. The total energy functional

Density-functional theory (for a review see Ref. [12])
has been established by the pioneering work of Hohen-
berg and Kohn [13]. The basic tool is a functional of the
density,

EPTTlp) = Flol + [ plejvese@d'n,  (21)
which assumes at a density po its minimum Fy, that
equals the total energy of a many-electron system of
density po under the influence of an external potential
Vezt(r). The Hohenberg-Kohn theorem [13] postulates
that there exists a unique and invertible map between
the ground state density and the external potential and
that the functional F[p] is universal in the sense that it
is independent of vey:. The formulation of Levy [14,15]
and Lieb [16] for F is

Flel = (2.2)

min (®|T + W |®),
P} —p
meaning that for a given density p, F[p] corresponds to
the minimum of the expectation value of the sum of ki-
netic energy operator 1" and electron-electron interaction
operator W over all possible antisymmetric wave func-
tions @ yielding the density p.

Most practical applications are based on the theorem
of Kohn and Sham [17]. It states that for a ground state

_density po there is an auxiliary local potential v*([g]; r)

such that py minimizes the functional

FXS[p) = T*[p] + / p(r)o ([plir)d®r,  (2.3)
which fulfils FES[po] = [po];
T*[g) = min Z<¢AT!¢, (2.9)

{¢:}—
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is the minimum of the sum of the expectation values of
T over a set {¢;} of N orthonormal one-electron wave
functions (/N being the number of electrons in the sys-
tem) whose squared absolutes sum up to p. It is impor-
tant in this context to note that the same density can be
achieved by quite different function sets that need not be
connected by an orthogonal transformation [18].

The by far most widely used approximation for v*[p] is
the local-density approximation [17], or its spin-polarized
variant, the local spin-density approximation (LSD) [19].
The differences between LDA and LSD concern only the
splitting up of the total density into two spin-polarized
parts, which enter separately into the approximation to
the exchange-correlation energy. This affects the princi-
pal theory as subsequently laid out in no way, and we
will argue in a formalism without spin-polarization, thus
saving the additional indices. The generalization to SIC-
LSD is in any case straightforward.

In LDA, the total energy is expressed as

EEPAlp] = T*[p] + Unle] + E£1p]
+/p(r)vut(r)d3r, (2.5)
where T*[g] is given by Eq. (2.4),
/d3 &3r 'p|r~(r'1) (2.6
is the electronic Hartree energy, and
B4 = [ p)cac(ote))dn, )

with the exchange-correlation energy density e.(p) of
an homogeneous electron gas of density p. The poten-
tial v*([p], r) can be straightforwardly derived from these
expressions. '

One striking feature of this approximation is that it
yields by construction the correct result in the homo-
geneous electron gas, but fails completely in the limit
of a simple one-electron system (e.g. H, He'), as there
remains a spurious electron-electron interaction energy
connected with the density of the one electron in the
system. Errors of varying degrees occur in finite, inho-
mogeneous many-electron systems. Perdew and Zunger
[1] have suggested an alternative expression for the total
energy [20] which enforces the correct behavior in both
limiting cases:

N
EgIC—LDA[{qS‘_}] = z (6:] T |¢:) + Ur[p] + EEP4[p]

i=1N
- > (valie)+ BEPA )
+ / o(r)Vext (r)d3r. (2.8)

The second sum in Eq. (2.8) subtracts in an approximate
manner (or even exactly in a system with a single elec-
tron) the electronic self-interactions contained in ELD4,
hence the name “self-interaction-corrected LDA” (SIC—
LDA). The correct limit in the homogeneous electron gas

is preserved, since completely delocalized states produce
no self-interaction correction and so SIC-LDA reduces to
LDA.

As it stands, Eq. (2.8) does not represent a functional
of the total density alone, but also of the individual or-
bital densities. This has often been held against the SIC-
LDA and led to the perception that it stands outside
rigorous density-functional theory. But there is a proper
density functional [1,21,20]

ESIC—LDA[ ] @LDA[p] -I-UH[p]-i-ELDA[p]

+ / p(x)vese (x)ddr, (2.9)
OFPAp] = min 3 {(¢;|T|¢,-) — Ugl|¢:|*]
{¢i}—p =
—Efc“[w‘"]}, (2.10)

which fulfils

X2
ESIC-LDA I:E l¢t| ] < EgIC_LDA({(ﬁi}). (2_11)

i=1

The equality holds for the set {¢;} that minimizes
EfIC—LDA.

Instead of minimizing ESIC~LPA with respect to the

density, it is easier and nevertheless exact to minimize
ESIC-LDA ith respect to the orbitals, thus obtaining
at the same time a knowledge of the minimum value of
ESIC=LDA and the ground state density po. This is the
way that has been chosen in virtually all works on SIC-
LDA or SIC-LSD and is correct from a density-functional
theoretical point of view.

Equation (2.9) does not contain T°[p], since the or-
bitals involved in Eq. (2.10) may be quite different from
those in Eq. (2.4). However, the use of T*[p] is a specific
feature of the Kohn-Sham formalism and not of density-
functional theory in general, as may be seen by compar-
ison with Eq. (2.2). SIC-LDA therefore stands outside
the Kohn-Sham formalism, but is nevertheless a valid
density-functional approximation [21]. Still, in any the-
ory with an excha.nge—correlatlon functional having the
property Ug|[|#|* 14+ Ezc[|¢]%] = 0, O[p] equals T*[p]. This
is true in particular for the (unknown) exact functional
[22].

In the minimum of the functional Eq. (2.9) all
(5ESIC LDA/sgr (i = ,N) must vanish. This,
together with the orthogonallty constraint on the wave
functions, leads to the set of equations

Hiu(®) = (=57 + vews(s) + vae ()
+oZPA(plie) + 9570 (5) ) ()

(2.12)

N
= Xiigi(r),
Jj=1
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vg([pl;r) = / p(x) S

P
oEPA(pliz) = (p<r>eu(p(r)))
ufm(r)=—va(u¢,-|2];> VEPA(Ir). (213)

The Lagrange multipliers A;; = (¢;| H; |¢;) guarantee the
orthogonality of the orbitals ¢;. Unlike in the LDA, the
off-diagonal A;; cannot be eliminated by a simple rotation
among the orbitals, since the left hand side of Eq. (2.8)
is state dependent as well.

In the absolute minimum of the energy functional (2.8)
the relationship

<¢z| ‘UfIC .

ESIC—~LDA

v s) =0 (2.14)
holds, since is stationary with respect to any
variations of the ¢;. This can be seen by specifically
examining the condition that the functional derivatives
with respect to rotations among the orbitals must vanish
[4]. Equation (2.14) implies that the matrix A is Hermi-
tian, since

Aij — A = (| H: — Hj |¢:)

= (¢;]| v —vF1%|¢s) = 0. (2.15)

B. The one-electron picture

The Kohn-Sham scheme leads to a Schrédinger-type
equation, yielding eigenvalues that are, however, rather
poor approximations to excitation energies, as is well-
known. Perdew and Zunger {1] derived a set of one-
electron equations from the functional (2.8), but ne-
glected the requirement that the resulting orbitals be
orthogonal. Their equations have several appealing fea-
tures: first and foremost, the eigenvalues are good ap-
proximations to relaxed total energy differences. Fur-
thermore, the effective potential for a given state of
a neutral atom shows the correct long-range limit
lim,so0(rvis;) = —1. Unfortunately, these equations
contain an orbital-dependent potential and this has led
to the SIC-LDA or SIC-LSD being often regarded with
some suspicion.

The one-electron picture is lost if the minimization of

N
IO PA,}]
i=1

+mmZ —Un Z

=1
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the functional (2.8) is rigorously done with the inclusion
of nondiagonal Lagrange multipliers, as in Eq. (2.12).
In fact, the latter equations do not even contain scalar
eigenvalues. Pederson and co-workers [4,5,23] have shown
that the eigenvalues of the Lagrange multiplier matrix
are again good approximations to total energy differences
and satisfy Janak’s theorem [24]. They also found [4]
that the “localized orbitals,” which minimize the func-
tional (2.8), in general do not reflect the symmetry of
the system, whereas the “canonical orbitals,” which are
connected with the localized ones by the unitary transfor-
mation that diagonalizes the Lagrange multiplier matrix,
do possess the full symmetry.

We show in the following that the self-interaction-
corrected LDA can be formulated in such a way that
the equations resulting from the variational minimization
procedure lend themselves to a very suggestive effective
one-particle interpretation. The features of these equa-
tions are:

(i) The eigenfunctions obey a single, state-
independent Hamiltonian of the Schrodinger type
(or, relativistically, Dirac type) with a small short-
range nonlocal component in the potential.

(ii) In the long range, the equations for a neutral atom
reduce to the form

(T —1/r)9; = Y;. (2.16)

(iii) The eigenvalues are good approximations to elec-
tron binding energies.

The limit (ii) is the proper one, since, intuitively, a single
electron far away from the center of an atom of atomic
number Z is expected to “see” a spherical Coulomb po-
tential of net charge —1 caused by the nucleus screened
by the remaining Z — 1 electrons, and not to interact
otherwise. This property could also be shown rigorously
by Gunnarson et al. [25] by an investigation of the exact
exchange-correlation potential.

The trouble with the nondiagonal Lagrange multipli-
ers arises because the functional (2.8) is not invariant
under orbital rotations. So let us formulate an alterna-
tive functional that possesses the same minimum at the
same overall density but is invariant under unitary trans-
formations of the wave functions:

=S (W T2 + Unle] + BLPAlp] + / (£ Vent ()

2 2

— ELPA 1N Mz
j

(2.17)
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The minimization on the right hand side of Eq. (2.17)
is over all unitary matrices M. The particular matrix
that yields the minimum in Eq. (2.17) will be denoted
by M. The variational conditions 5E§I C-LD4 /0T =0,
coupled with the orthogonality constraint, lead to the
single-particle equations

(T + UH[P] + vzc[p] + Vext + ﬁSIC

+ > (v57Cpi] — 557C) | i) (¢k|> ) = e | %),
k

(2.18)
¢ = M5, (2.19)
P = l”, (2.20)
vSIC 4] = _UH[Pk]v— Vae[Pk], (2.21)
F5IC — % 3 vS1p). (2.22)

k

The average SIC potential, #57C, has been purposefully
introduced to underline the short-range nature of the
nonlocal term. The operator on the left hand side of

Eq. (2.18) will be investigated in greater detail in the .

Appendix, where a scheme for practical calculations is
presented. _ 7 l
One can easily check that Eq. (2.18) has the first two
of the above postulated properties and that furthermore
the orbitals ¢; are identical to the localized orbitals of Eq.

(2.12), the orbitals ¥; are equal to the earlier mentioned -

canonical orbitals, and the ¢; are the eigenvalues of the
matrix A. The third postulate about the agreement be-
tween eigenvalues and electronic binding energies is con-
firmed by the results presented in Sec. IV and dlscussed
there.
From Eq. (2.18) one finds immediately that
lim ¥; ~e V7T (2.23)

r—+00
which means that the ¢; control the decay of the canon-
ical wave functions in a way that is characteristic of
one-electron eigenvalues. Thereby their interpretation
as electronic binding energies is supported. The local-
ized orbitals, on the other hand, being a mixture of the
canonical ones, have a limit

lim ¢ = hm ZM Cie” V=2

-}+00

=Mkame V= (2.24)

where m labels the state with the largest eigenvalue con-
tained in the sum. Consequently it is underlined that
the canonical orbitals, and not the localized ones, pos-
sess single-electron qualities.

III. RELATIVISTIC FORMALISM
A.. Relativistic LDA

A relativistic variant of the LDA formalism (RLDA)
has been derived in complete analogy to the nonrelativis-

tic one by MacDonald and Vosko [26]. We will give a
short account of the modifications required in compari-
son to the nonrelativistic case.

The total energy functional retains its general form

EREPAL] = T2, [p] + Uglp) + EEFPA ]

+ / P et (). (3.1)
The density p is given by
N
p="> i, (3.2)
i=1

where the ¢; are now the four-component spinor func-
tions belonging to the N lowest positive eigenvalues of
the Dirac-type equation

(Hp ~ ¢ + Veat +vo +vae P4) i = €i¢hi,  (3.3)

Hp = —icaV + fc?, (3.4)
with the Dirac matrices o and @ (the notation follows
Ref. [28]) and the speed of light c. The subtraction of the
electronic rest energy —c? on the left hand side serves to
make the eigenvalues €; comparable to their nonrelativis-
tic counterparts;

N
min

i| Hp |¢;
Bin (¢:| Hp |¢:)

T:cl [P] = (35)

=1

is the kinetic energy (plus rest energy) of the noninter-
acting relativistic electron gas. The terms resulting from
the external charges and the interelectronic Coulombic
energy retain their form as described in the previous sec-
tion. In the relativistic local-density approximation, the
exchange energy density of the homogeneous relativistic
electron gas is approximated by [26]

va'el — 6:011.1‘61
38v1+ 62 —n(B+ +/1+B?)
x{1— 5 ﬁ2 , (3.6)
B(p) = wvr(p)/c, where vr(p) is the nonrelativistic

uniform-system Fermi velocity at the density p. The
correlation energy is assumed to be the same as in the
nonrelativistic case. The exchange-correlation potential
in the relativistic local-density approximation (RLDA) is
accordingly

yRLDA _ Loa |1 3In(B+/1+8%)

+olPA | (3.7)

B. Relativistic SIC-LDA

We have generalized the argument of the previous
section and applied a self-interaction correction to the
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RLDA total energy functional (SIC-RLDA):

BSIC-RLDA) = 0, lp] + Uslp] + EREPA]p

+-/p(r)ve,t(r)d3r . (3.8)
N
Oralel = min S{ (41 Hp 160
=1
~ Uslef] - EEEPAA (3.9)
pi = i) (3.10)

Variation of this functional with respect to the orbitals
¢; leads again to an equation of the same form as Eq.
(2.12),

N
Higi(r) = Y Xijos (),
i=1

but now
H; = Hp — ¢® + Vet (r) + v (r) + vEEPA(r) 4 071%(z),
(3.11)
o0 = —va(pi(r) — v P4 (ei(®).  (3.12)

The relativistic analogue of Eq. (2.18) is

(HD — + vgp] + vEFPA ] + vegy + 777

+ 3 (@5 o] — 7°7) | k) (¢h|> |W:) = € |¥s).
k

(3.13)

Here the ¥; are, of course, four-component spinors.

IV. APPLICATION TO FREE ATOMS
A. Formalism

In this section we stay in the relativistic formalism
throughout. For atoms of atomic number Z, the external
potential has the simple form

Z

ve:ct(r) =— -

- (4.1)

In order to keep the full effective potential rotationally
invariant and to take advantage of the resulting simplifi-
cations in the Dirac equation, we work only with spher-
ically averaged densities. This approximation is widely

used in density-functional calculations for atoms and has
been discussed in some detail by Pederson and Lin [27]
for the nonrelativistic case. With this simplification, the
wave functions separate into the product of a radial and
an angular part. The former, multiplied by r, is com-
posed of major component G and minor component F,
which obey the differential equations [28]

d cK
—Ca—;an(r) + TFmK (1‘)

+v€ff(r)G'MK(r) = emnGmn(T),

d cK
CEijn (r)+ TG'"" (r)

+[vers(r) — 268 Frnn(r) = €muFma(r). (4.2)

c is again the speed of light, given by ¢ = 137.037 in
atomic units, and x is connected with the quantum num-
bers of orbital angular momentum ! and total angular
momentum j by the relation

n={—(l+1) if j=1+1%

l if j=1-3.

(4.3)

The index m labels different eigenstates having the same
quantum number k& and must not be confused with a
magnetic quantum number. After introducing the radial

functions
Gme(r
) = (7)),

one can, with the help of Eq. (4.2), transform Eq. (3.13)
into a two-dimensional matrix equation purely for the
radial functions:

(4.4)

Hn.umn = €EmxUme, (4~5)
H.=Hy-*+ vi‘}‘}(r)
+ Y (v pma] — 7°7°) P (4.6)
m
d K
c —— e —
Hy=c| 4, , % T (4.7)
— 4+ - —c
dr r

The local part of the effective potential, including the
local SIC contributions, is

veFr(r) = —% +or(lplir) + v PA(e(r))

+ 0% ([{p:})r) (4-8)
where the p; are averaged orbital densities
1
pilr) = 5[G2() + F2()] (49)

Here, all quantum numbers have been lumped together
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into 4. The total density is consequently given by P2l —
® RSIC
z '5'20 O RLDA]]
p(r) = pi(r). (4.10) S5 ~+ Exp.
i=1 ?
P, is the projector onto the function L% 100 o)
5 0]
Wi (1) = ZM:n'mum’n(r) ) (4.11) 0 Eigenvalues o © O © ¢
" (b)
which constitutes the radial part, multiplied by r, of the 201
respective localized orbital. All the other symbols in Egs. %‘1 5
(4.6) — (4.11) are chosen as in Eq. (3.13). > g
A sketch of the algorithm we have developed for the %10
self-consistent solution of Eq. (4.5) is given in the Ap- &
pendix. We use the spin-unpolarized parametrization of 5 Total energies
Perdew and Zunger [1] of the results of Ceperley and ob. . c )
Aldc?r [29] for the .non.relativi§ti_c c?xchange-corr.elation po- 585228 8s a§§§
tential and modify it relativistically according to Eq. F5rs82z5r882

(3.7).

FIG. 1. Theoretical relativistic eigenvalues and total en-
B. Results ergy differences for atomic s- and p-type valence states, calcu-
lated with (RSIC, full circles) and without (RLDA, open cir-

. cles) self-interaction correction. These results are compared
Table I and Fig. 1 show the results of SIC-RLDA calcu- to experimental binding energies that are configuration aver-

lations of the eigenvalues of the outermost shell states of aged values from Ref. [33]. (a) The RSIC eigenvalues shadow

six atoms, compared to self-consistently computed total closely the experimental electronic binding energies, while the

ene.l'gy differences and experimental electron binding en- RLDA values are way off. (b) The total energy differences, on
ergies. We find good agreeme.nt for these' three c_{ua.ntltles the contrary, are in both types of calculations close to experi-
in all cases considered. This is in line with earlier obser-  ment. The experimental data points have been interconnected

vations [1,30] that self-interaction-corrected LDA eigen- by a solid line to guide the eye.

values are a good approximation to relaxed energy dif-

ferences and are much closer to experimentally measured

binding energies than mere LDA eigenvalues. The energy

differences in the RLDA do not deviate all that much  SIC eigenvalues a long way in the right direction towards

from their self-interaction-corrected counterparts. the more negative total energy differences. The relative
The improved eigenvalues may be understood to re-  contribution of the SIC potential is strongest in the long

sult from the attractive SIC potential, which moves the  range, where it restores the right one-electron-type —1/r

asymptotics and completely dominates the other contri-

butions to the effective potential. In the total energy

differences the effects of the self-interactions largely can-

cel out, so even in LDA they are fairly reliable. Only the

self-interaction of the electron which is removed remains

TABLE 1. Detailed predicted valence energies compared
to experiment. Displayed are the relativistically calculated
eigenvalues of the valence states, with (RSIC) and without

(RLDA) self-interaction corrections, and the differences in the e 1. ie
total energy upon removal of the specified electron. The theo- uncancelled, which is why the absolute LDA energy dif

- - . S ferences are still smaller than those of SIC-LDA.
retical eigenvalues are weighted averages over j4 = [+1/2 and Th ical functi £ SIC-RLDA and RLDA
j_ =1—1/2, such that (1) = [(I+ 1)e(is) + le(G_)]/ (2L + 1). e canonical wave functions o - A an
All values are in eV. are fairly similar and in particular they exhibit the same
" -Si == P - -é;f G - As‘* e-wﬁ?dal strl.lci_;urg ”Th?S is not true for the localized or-
o : — ———-  bitals, which are a mixture of the canonical orbitals and
—€ (s) 11.87 15.66 19.49 13.38 16.67 1991  hepnce possess in general as many nodes as the canoni-
—AEﬁgi(s) 12.36 16.03 19.76 13.81 16.99 20.15 ¢4 orbital with the largest number of nodes of those in-
—ERLDA(S) 7.83 10.88 14.02 9.17 1195 1470  y4lyed. There is, however, a clear difference in the long-
—AEio e (s) 11.67 15.24 18.89 13.38 16.48 19.48 range behavior between the canonical wave functions of
—ABEZT(s)® 1132 1495 18.39 12.61 16.06 18.21 the SIC-RLDA and RLDA, due to the distinctly altered
eigenvalue [cf. Table I]. This shows up when we look at
_AERSC(y) 594 B840 1046 6.00 806 983 E}bie lozgaritlﬁanhof a paxtiﬁ:ular wave fqnc{;lion with_ indc;?c i
-—eRLD"(p) 279 417 560 274 405 535 .1g. ), which approaches asymptotlca y a straight line
—AEREDA() 585 783 982 590 7.70 932 Vithslope —y/=2¢;+¢f/c? [cf Eq. (221)].
—AEZP(p)* 5.98 T.T5 958 593 7.7 8.46 To hlghhgl}t the. improvements the relativistic SIC-
. —— —————— . LDA calculations yield over nonrelativistic ones, we look
*Configuration averaged values from Ref. [33]. at two relatively heavy elements, krypton and xenon,

—-eBSI%(p) 573 7.82 994 567 752 9.31
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5.0
r[a

Bohr]

FIG. 2. Logarithm of the major component G of the radial
48,2 and 4P3/3 wave functions u beyond the last maximum
in Ge. The solid lines are calculated with, the dashed lines
without, self-interaction corrections to the relativistic LDA.

Units on the ordinate: 1n (1/,/aBohr)-

which show sizeable relativistic effects. In noble gases
there is no spin polarization, so the neglect of spin-
polarization effects is perfectly justified. Table II com-
pares calculated eigenvalues to experimental binding en-
ergies and Fig. 3 illustrates this graphically for Xe.

For all s and p core levels, the relativistic corrections
lower the eigenvalues. Since most core levels are too
weakly bound in the LDA, this causes improved agree-
ment with experiment in these cases. Only the 2p core
level in Kr and the 4p core level in Xe have in the SIC-
LDA eigenvalues that are already lower than the mea-
sured binding energies, so here the relativistic corrections
lead to an increaséd error. The same is true for the va-
lence levels. Very little effect is seen for the valence p
electrons, which are rather far removed from the nucleus
in whose vicinity the relativistic effects work strongest,
but the valence s electrons, which penetrate the core, get
too low an eigenvalue.

15

A(ISIC-Expl)
M A(IRSIC-Expl)

Relative energy difference (%)

Level

FIG. 3. Relative deviation between the calculated
nonrelativistic (SIC) and relativistic (RSIC) self-interac-
tion-corrected LDA eigenvalues on the one hand and the
experimentally measured binding energies [32] of Xe on
the other. All s and p eigenvalues are lowered by relativ-
istic effects, the d states are moved upwards. With the ex-
ception of the 4p state, all core levels are better described by
the RSIC. The valence electrons, in particular the 5s one, are

too strongly bound. . : - S
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"7 'TABLE II. SIC-LDA and SIC-RLDA eigenvalues com-
pared to experimental eleciron binding energies [32].
Both theoretical eigenvalues and experimental energies are
weighted averages over j4 = [+ 1/2 and j_ =1 —1/2, such
that €(l) = [(I + 1)e(j+) + le(5-)])/(21 + 1). All values are in
eV. )

SIC-RLDA Expt.

SIC-LDA
Kr
1s -14198.71 - -14434.80 -14326.0
2s  -1871.62 -1928.65 -1921.0
2p -1708.98 -1720.51 -1695.9
3s -265.31 -275.02 -292.8
3p -213.33 -215.23 -217.0
3d -102.54 -100.37 -94.3
4s -31.15 -32.23 -27.5
4p -14.57 -14.56 -14.1
Xe
1is -33382.75 -34750.74 -34561.0
2s ~ -5098.90 -5447.33 -5453.0
2p -4821.43 -4916.13 -4889.3
3s -1044.23 -1118.12 -1148.7
3p -920.56 -941.84 -961.1
3d -703.86 -692.45 -681.4
4s -199.80 -215.75 -213.2
4p -155.44 -158.96 -145.9
4d -74.23 -71.16 -68.3
58 -23.59 -25.57 -23.3
5p -12.84 -12.5

-12.88

The d levels tend to be overbound in the SIC-LDA
and the SIC-RLDA gives an adjustment in the right di-
rection. This is due to the fact that even the lowest d
electron “sees” a nucleus that is already well screened by
8 and p electrons. Since the relativistic corrections con-
centrate the latter even more closely around the nucleus,

this screening effect grows and the d levels move upward
in the SIC-RLDA.

V. SUMMARY

We have pointed out the solid roots of the SIC-
LDA in density-functional theory and derived a set of
one-electron equations with an orbital-independent self-
interaction-corrected exchange-correlation potential with
a small, short-range nonlocal part. The equations com-
pletely parallel the Kohn-Sham equations of the LDA.

A fully relativistic self-interaction-corrected LDA for-
malism has been developed and an algorithm for its so-
lution proposed. We have shown with the example of
several atoms that the calculated eigenvalues of the SIC-
RLDA equations do compare favorably both to experi-
mental electronic binding energies and to calculated total
energy differences.
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APPENDIX

Here we give a short outline of the numerical algorithm
we have developed to solve the relativistic SIC-LDA Egs.
(4.5). To begin with, let us first investigate equations
(2.18) and (3.13), which are the basis of Eq. (4.5). The
operator acting on the wave function on the left hand
side of Eq. (2.18), which we shall call H57C results from
the functional derivatives of the total energy functional
(2.17) with respect to the occupied orbitals and is defined
only in the subspace spanned by these functions. One can
straightforwardly verify that thanks to condition (2.14)
it is Hermitian in that space. However, in practical so-
lutions the subspace is not a priort known and one will
have to start with a guess instead. It is therefore de-
sirable to have a Hamiltonian that is Hermitian, defined
in all function space and equal to H5IC in the subspace
of occupied states of the current guess. The following
construction [31] fulfills this demand:

el 1
HSIC —_ 5 (HSICR f I)OCCHS'ICf) ; P H{fICP .

HFIC equals H57C without the nonlocal part of the ef-
]

Hp(¢)=c 1 d - P
r(€)

We now define a mesh of n points where & takes on the integer values §; =0, ...

Ina[r(€) +7,] d€

fective potential,

acc

Poce = Y | W) (] (A2)
k

is the projector onto the space of occupied states and

P, =1— Ppe. (A3)
HSTC has been constructed so as to reduce to the simple
LDA Hamiltonian for vanishing self-interaction correc-
tions.

The same procedure can be applied to the relativistic
operator in Eq. (3.13). From there it is a short step to
equally modify H, of Eq. (4.6). In the following we out-
line an algorithm to solve the resulting eigenvalue equa-
tion without recourse to a function basis.

We eventually want to discretize Eq. (4.5) on a loga-
rithmic mesh that has been shifted by a constant such
that O is a mesh point. To that end we transform to the
dimensionless variable £, which is defined by

r(€) =7, (af —1).

a is a dimensionless constant slightly larger than 1 and
r, a scaling factor. In our calculations we have made
the choice a = +/1.05 and 7, = 6.25 x 107%/(aZ) and
included roughly 600 points in the mesh.

Let us rewrite the radial Dirac-Operator Hf, of Eq.
(4.7) in terms of the coordinate &:

(A4)

-1 d K

malr(®) +ra & T 76 (A5)

,&n = n—1. By replacing the derivative

by the symmetric differences we can discretize (r 4+ ;) H = A into a symmetric matrix of order 2n:

ar = () 4l

AL = —c[r{éi_n) + 74

Ai‘,-n = ck[r(&i—n) +14]/m(&i-n)
1, ;——n—l = c/(2 ln a)

Ai,i—n+1 = —c/(2lna)

All elements that are neither given explicitly above nor can be derived by Af;

for1<i<mn,

forn+1<i<2n,
forn+1<1t<2n,
forn+1<i<2n,
forn+1<1i<2n.

(A6)

= Af; are equal to zero. Let us

furthermore define the 2n-dimensional diagonal matrices V™ and R:

(Vi) = W™ (r(&)) — 957C (r(&))16 for 1 <i<n,
0 src =SIC . (AT)
(Vi) = W1 (r(&-n)) — %7 (r(6i-n))]ds; forn+1 <3< 2n,
[
X The discretized form of the radial functions up,, is
viee = tI;}cf(r(f,))é,, for1<i<mn, (A8)
Vi = ol (r(6in))byy fornt1<i<2m, Ume(i) = Gme(r(&))  forl<ic<n, (A10)
Umnk(1) = Fre(r(&i-n)) forn+1<i<2n.

for1<i<mn,

i)+ 75]0:5
[rtGa) & el forntl<i<on (A9

[r(§i—n) + 73]0i5

G nx is the major and F,, the minor component of un,
[see Eq. (4.4)]. The localized functions wy,, are treated
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analogously. Lastly, the discretized matrix representa-
tion of the projectors P, onto the localized radial func-
tions wm, [Eq. (4.11)] is

PRr = W () Wrne () - (A11)
With these definitions and with 1 denoting the unit ma-
trix, H, can be written as
H.=RTA" - 214V 4 Y VP,
k

(A12)

Next we apply the transformation (A1):
Hy = HyPocc + PoccHY + Py (RTTA" — *1 + V¥°) Py,

(A13)

oce

OCC § Pmn b

P, = 1 — Pce. (A14)

This matrix is still not symmetric, due to the last term,
but can be transformed into a symmetric matrix H], by
the similarity transformation

H =RiH.R}. (A15)
fI " possesses the same eigenvalues as H, and if ¢; is an
eigenvector of Hy, then u; = R~ 3g; is an eigenvector of
H,. The need for this additional transformation arises
purely out of the discretization procedure.

Within each iteration of the self-consistency cycle —

that is between updates of the effective potential — we

have to diagonalize all matrices H’, with a value of &
that occurs among the occupied orbitals. One has to
keep in mind that all negative-eigenvalue solutions are
discarded. In setting up H’, we take the t,,, from the
previous iteration and determme the localized orbitals by
rotations among the occupied states with equal k, with
a method similar to that described in Ref. [5], until they
fulfil the condition

SIC SIC |,wm, ) =0. (Alﬁ)

(W] v,

In the first iteration we make a guess for the u,,,. In the
spirit of the spherical approximation, we occupy states
with the same quantum number [ but different j [here
both are concisely expressed by k, see Eq. (4.3)] weighted
with their degeneracy.
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