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Abstract We have developed a self-consistent non-
equilibrium Green’s function theory (NEGF) for charge
transport and optical gain in THz quantum cascade lasers
(QCL) and present quantitative results for the I-V character-
istics, optical gain, as well as the temperature dependence of
the current density for a concrete GaAs/Al.15Ga.85As QCL
structure. Phonon scattering, impurity, Hartree electron-
electron and interface roughness scattering within the self-
consistent Born approximation are taken into account. We
show that the characteristic QCL device properties can be
successfully modeled by taking into account a single pe-
riod of the structure, provided the system is consistently
treated as open quantum system. In order to support this
finding, we have developed two different numerically effi-
cient contact models and compare single-period results with
a quasi-periodic NEGF calculation. Both approaches show
good agreement with experiment as well as with one an-
other.
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1 Introduction

A realistic description of carrier transport in open multi-
quantum-well devices such as cascade lasers (QCL) is
a challenging task, since carrier confinement, quantum in-
terference effects, as well as incoherent scattering compete
with one another on an equal scale.

It is well established that the non-equilibrium Green’s
function theory (NEGF) is the most general scheme for
the prediction of incoherent quantum transport [1–3]. It al-
lows for the calculation of scattering states (represented by
the retarded electron Green’s function GR) and their non-
equilibrium occupation (represented by the lesser Green’s
function G<) in a self-consistent manner.

A realistic QCL structure consists of a large number of
periodically repeated multi-quantum-well structures that are
coupled to leads. A fully quantum mechanical transport cal-
culation through such an extended device is numerically un-
feasible. Therefore, one needs to develop contact models
that faithfully reproduce the intrinsic transport properties of
the active region of QCLs while simultaneously limiting the
simulation region to effectively one or a few periods.

In semiclassical QCL simulations [4], this problem has
been tackled by implementing periodic boundary conditions
where electrons that leave the device on the drain side are
reinjected on the source side. In the framework of NEGF,
Lee and Wacker [2] have developed an analogous scheme
in a Wannier basis that mimics this quasi-periodic nature
of QCLs by explicitly assuming periodic conditions for
all Green’s functions. This approach is physically very ap-
pealing but requires simplifying approximations both in the
number of basis states as well as in the scattering self ener-
gies to remain numerically feasible.

In this paper, we have attempted to implement the NEGF
formalism in a real space basis very accurately [5] but de-
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veloped two complementary approximate schemes to model
the open boundary conditions for QCLs. As we will show,
both of these schemes yield similar results that suggest that
the present calculations provide valid insight into the com-
plex phenomena that govern the carrier dynamics and optics
in QCLs. In addition, we have studied the influence of tem-
perature on the characteristic properties of QCLs.

2 Method

All quantum cascade structures in this paper are GaAs/
AlGaAs quantum well heterostructures that are homoge-
neous in the lateral x, y directions. They are assumed to
be in contact with two equilibrium reservoirs at z = 0 and
z = L, respectively. The electrons are described within a
one-band model with a variable energy dependent (nonpar-
abolic) effective mass m∗(z,E).

The NEGF method requires the solution of four coupled
partial differential equations. These equations read, in oper-
ator form,

(E − H0 − e� − �R)GR = 1,

G< = GR�<GR†, (1)

�< = G<D<, �R = GRDR + GRD< + G<DR,

where H0 is the single-electron Hamiltonian, � is the elec-
trostatic potential, D is the sum of all environmental Green’s
functions, and � denotes the self-energy. We have imple-
mented these expressions in a real space basis so that, e.g.,
the self-energies �(z, z′, k‖,E) are functions of two spa-
tial coordinates, the lateral momentum, and the energy. In
this way, the scattering states, the transition probabilities
between them and their occupations are calculated self-
consistently. An important role of this self-consistency is
to ensure that the total scattering probability into each final
state never exceeds the Pauli blocking limit [5]. Once the
Green’s functions have been calculated, observables such as
the absorption coefficient, the current and the electron den-
sity can be calculated straightforwardly [1–3]. Numerical
details have been given in [5] and will be discussed exten-
sively in a forthcoming publication.

We take into account inelastic acoustic and polar-optical
phonon scattering, scattering by charged impurities, inter-
face roughness, and by electron-electron interaction in the
Hartree approximation. The full nonlocal momentum and
energy dependence of the phonon, impurity and interface
roughness self-energies are taken into account. We employ
the self-consistent Born approximation in calculating GR

and G< which is a prerequisite for guaranteeing current con-
servation in this formalism.

The spatial dependence of the electrostatic potential is
uniquely determined by 3 conditions: (i) global charge neu-
trality of the device, (ii) the potential drop in the device

equals the difference in the chemical potentials of the con-
tacts, (iii) an equilibrium Fermi distribution in the leads. In
order to avoid reflections, interferences, and charge oscilla-
tions at the contacts, we extend the density of states adjacent
to the leads continuously into the leads. This implies that we
also include scattering within the leads. This scheme is anal-
ogous to the one proposed by [6], but we maintain the full
off-diagonal character of the self energies. Fortunately, the
high barriers within a QCL cause the current to be insensi-
tive to the scattering self-energies within the leads.

We have modeled the open boundary conditions for
QCLs in two ways. First, we have considered a single ac-
tive zone as the device region and attached source and drain
leads with equilibrium Fermi distributions to the left and
right hand side of the device, respectively. Secondly, we
have effectively calculated two QCL periods by treating the
second period as being part of the field-free source and drain
lead. As will be explained in more detail below, this mimics
the quasi-periodic nature of QCL structures.

3 Results

We have applied this formalism to carrier transport and opti-
cal gain within the active region of the THz GaAs/Al.15Ga.85

As QCL structure of [7]. The geometry of this structure can
be symbolically denoted by (30) 92 (55) 80 (27) 66 (41) 155.
All quantities are given in Å, the values in parentheses indi-
cate Al.15Ga.85As barrier widths, and the underlined value
indicates an n-doped well with n = 1.25 × 1016 cm−3.

The interface roughness is described by an autocorrela-
tion length La and a variable step height δz [3, 8, 9]. We
have used the values La = 8 nm and δz = 0.6 nm [10]. The
electron-phonon and impurity interaction parameters have
been taken from [11].

We now discuss the presently developed lead models
in more detail. Figs. 1(a) and (b) depict the conduction
band profile (full lines) within the device as well as within
a portion of the semi-infinite leads (grey-shaded regions).
In the case depicted in Fig. 1(a), we attach two homoge-
neously n-doped semi-infinite GaAs leads with n = 1.25 ×
1016 cm−3 to a single period of the active region of the QCL.
We term this model the single-period case. In Fig. 1(b), we
show an alternative approach that we term quasi-periodic
case. Apart from being field-free, each of the two lead re-
gions is an exact repetition of the appropriate half of the
active zone and thus repeats the density of states and doping
concentration of the active region. We find the potential pro-
file deeper within the contacts to have negligible influence
on the device characteristics. In this way, we mimic periodic
boundary conditions.

In Fig. 2, we compare experiment with these two com-
plementary contact models. Both types of NEGF calcula-
tions reproduce the experimental current nicely up to 60 mV
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Fig. 1 Contour plots of the energy resolved spectral function of the
QCL of [7] as a function of position z and energy. The solid lines indi-
cate the conduction band at the bias voltage of 60 mV. (a) Single period
contact model. (b) Quasi-periodic contact model

Fig. 2 I-V curve of the active region of the QCL in Fig. 1 at
40 K. Comparison between the NEGF calculations based on the sin-
gle-period contact model (dashed), the quasi-periodic contact model
(full line) and the experimental results of [7] (grey dots)

where the calculated gain reaches its maximum. For higher
voltages, the electronic states that feed the occupation in-
version become misaligned which decreases the current and
yields a negative differential resistivity. In experiment, how-
ever, hot electrons cause a continuous increase of the cur-
rent.

To get more insight into the difference between the two
contact models, Figs. 1(a) and (b) show a contour plot of
the energy resolved and spatially resolved spectral density
A(z,E) = i[GR(z, z,0,E)−GR†(z, z,0,E)] for vanishing
lateral momentum k‖ = 0 and a bias voltage of 60 mV. The
zero in energy marks the chemical potential in the left con-
tact. The maxima of the spectral function represent reso-
nances. Their finite width is partly caused by the incoher-
ent scattering mechanisms. In Fig. 1(a), the large continu-

Fig. 3 Absorption coefficient of the QCL in Fig. 1 at the center of the
active region (z = 30 nm) as a function of photon energy. Dashed line:
single period contact model. Solid line: quasi-periodic contact model.
The maximum of the experimental emission photon energy is indicated
by the dotted line

Fig. 4 Current density of the QCL in Fig. 1 for the two contact mod-
els (dashed line: single period, full line: quasi-periodic) as a function
of temperature. The bias voltage is set to 60 mV. The dot marks the
experimental current density [7] at approximately 40 K

ous spectral function near the lead/device boundary repre-
sents the continuous bulk-like density of states in the leads.
By contrast, the spectral function in Fig. 1(b) shows two
broad resonances that are caused by the tunneling processes
through the confining potentials inside the leads. In spite of
these drastic differences in the lead density of states of the
two models, the spectral function in the interior of the de-
vice is very similar. More importantly, both models yield a
calculated gain that peaks very closely to the experimental
emission line at 2.75 THz (11.4 meV), as shown in Fig. 3.
An extensive discussion of the physics controlling this opti-
cal gain is given in [12].

It is known experimentally [13] that the temperature in-
side a QCL raises with electrical power. It is therefore in-
teresting to calculate the current as a function of the tem-
perature T that influences the phonon population and the
lead carrier distribution. The predictions for the two contact
models are shown in Fig. 4 and compared to an experimental
value at approximately 40 K [7]. The behavior of the current
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as a function of T reflects the resonant tunneling process.
For the given bias, only few electrons can resonantly tun-
nel through the QCL. A higher temperature smears out the
distribution so that more electrons can match the resonance
condition. If we increase the temperature further, however,
a large portion of the electrons is spread out energetically
and lies predominantly off-resonance. The fact that the cur-
rent is smaller for the quasi-periodic contact model stems
from the smaller density of states. In conclusion, both con-
tact models yield good agreement with experiment.
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