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We theoretically studied the elastic deformation and piezo-electric field in InAs quantum dots and
InGaAs quantum wires grown on (N11) GaAs substrates. Particular attention was given to the influence
of the substrate orientation on both the volume deformation of the dot and the strain-induced piezo-
electric field. The influence of the piezo-electric fields on the electron and hole ground states for a
(N11) quantum dot and quantum wire was investigated within the envelope function approach. The
exciton effect in a quantum wire was studied.
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1 Introduction

Recent advances in growth techniques have made semiconducting quantum dots (QD) grown along
[N11] directions a reality [1]. In contrast to the traditional (001) orientation, this geometry enables
significant piezo-electric fields in the case of polar crystals with the zinc-blende structure, such as
GaAs, AlAs, InAs, and their alloys. These fields lead to a Quantum Confined Stark Effect, which
efficiently affects the optical properties of (N11) oriented devices [2]. Consequently, an increasing
number of experimental studies has been devoted to such promising systems [3, 4]. Yet, due to the
complex geometry of (N11) oriented structures, few theoretical investigations have been performed in
this domain.

Heterostructures made of materials with different lattice constants are subjected to elastic deforma-
tions. In the case of (001) oriented systems, such deformations have been studied in the framework of
both the continuum mechanical model [5, 6] and the valence force field model [7]. Piezo-electric
effects which occur in zinc-blende crystals in the presence of a shear deformation were also theoreti-
cally investigated for quantum wells (QWs) [8, 9], quantum wires (QWRs) [10] and quantum dots
(QDs) [11]. A number of theoretical studies were devoted to the electronic properties of semiconduc-
tor nanostructures. They were performed with the use of the envelope function approximations [11],
as well as in more refined approaches developed recently, such as the empirical tight-binding method [12,
13] or the empirical pseudo-potential method [14]. The electronic structure of GaAs/AlGaAs (N11)
oriented superlattices and unstrained quantum wires was studied in the framework of k � p theory [15,
16]. In a similar approximation the effect of strain on the optical properties of a bulk (N11) oriented
system was studied by R. H. Henderson and E. Towe [17]. In this paper, we focus on the influence of
strain and piezo-electric fields on the electronic and optical properties of (N11) oriented QDs and
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QWRs. In addition, we studied the excitonic effect on the optical properties of QWRs. The paper is
organized as follows: In section 2 we describe the physical model and methods of numerical calcula-
tions, which we apply in section 3 to particular examples of a QWR and QD; the last section 4
summarizes our results.

2 Model and computation

2.1 Model heterostructures

In this study we consider two examples of heterostructures grown on (N11) oriented GaAs substrates,
namely a self-assembled QD and a QWR grown on a patterned substrate. The dot has the shape of a
symmetric truncated tetrahedral pyramid, standing on a wetting layer, embedded in a GaAs matrix
(see Fig. 1a). The two bases of the pyramid are squares of size 10� 10 nm and 2� 2 nm. The wet-
ting layer thickness is 1 nm, and the dot height is 4 nm. Note that more complex but still pyramidal
shapes were reported by Y. Temko et al. for InAs/GaAs dots grown by molecular-beam epitaxy [18].

The considered In0:2Ga0:8As QWR is grown on a (311) oriented GaAs substrate. Similar QWRs
were successfully grown and investigated experimentally [19]. Indeed, the growth of an In0:2Ga0:8As
quantum well, surrounded by Al0:5Ga0:5As barriers, can be performed on a patterned GaAs substrate,
allowing for the appearance of a QWR region near the step of the substrate, as shown in Fig. 1b.

2.2 Elastic deformations and piezo-electric fields

It has been shown that it is possible to directly grow InAs/GaAs QDs by molecular beam epitaxy
using the coherent islanding growth effect in highly strained semiconductors [20–22]. High quality
side-wall InGaAs/AlGaAs QWRs were observed by means of atomic force microscopy [23, 24].

We calculated the elastic deformation of our model structures by using a continuous medium model
[5, 6] thus assuming heterostructures without lattice structure defects. In this approach, we consider
the small displacements of the material points uðxÞ, which are derived from the local tensor
Aij ¼ @ui=@xj. Since only the symmetric part of Aij describes ‘‘pure” deformations without rotation,
the strain tensor eij is defined as:

eij ¼ 1
2 ðAij þ AjiÞ : ð1Þ

The energy of the elastic deformation is a quadratic form of eij:

E ¼ 1
2

Ð
V
CijklðxÞ eijðrÞ eklðrÞ dV ð2Þ

where Cijkl is the elasticity tensor. Minimization of the elastic energy (Eq. (2)) is equivalent to the
mechanical equilibrium condition, written for the case of zero external forces:

@sij

@xi
¼ 0 ð3Þ
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(a) QD (b) QWR

Fig. 1 Schematic drawings of the model heterostructures: a) QD, wetting layer and substrate b) In0:2Ga0:8As
QWR, surrounded by an Al0:5Ga0:5As barrier.
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where sij is the stress tensor, which is related to the strain tensor (Eq. (1)) by Hooke’s law:

sij ¼ Cijklekl : ð4Þ

The elasticity tensor Cijkl is a bulk material property. It is usually defined in the crystallographic
coordinate system but in our case it is more convenient to work in a ‘‘growth-oriented” basis whose z-
axis is parallel to the growth direction. This new set of coordinate axes in the case of (N11) structures
reads:

x ¼ ½0; �11; 1�
y ¼ ½�22;N;N� ð5Þ
z ¼ ½N; 1; 1�

With this choice, the elasticity tensor must be transformed to the new system (Eq. (5)) according to
the rule:

Cijkl ¼ Rii0Rjj0Rkk0Rll0Ci0j0k0l0 ; ð6Þ

where Rij is a rotation matrix whose rows are equal to the normalized basis vectors (Eq. (5)). For
materials with cubic symmetry, it can be shown that the resulting elasticity tensor has eight zero
components among its 21 independent ones. These are namely Cxxxz, Cyyxz, Czzxz, Cyzxz, Cxxxy, Cyyxy,
Czzxy, Cyzxy.

As it was mentioned above, we assume a coherent growth, so that all distinct lattices are perfectly
matched at the interface [9]. We used the following computational procedure in order to solve Eq. (3),
while imposing the lattice matching conditions: We first map a rectangular non-homogeneous simula-
tion grid over the whole structure in such a way that all the material interfaces coincide with the grid
lines; we then introduce a ‘‘lattice-matching” deformation which transforms any unstrained unit cell of
the heterostructure material in order to match it to the reference lattice constant ar, taken to be equal
to the lattice constant of the unstrained substrate:

~eeijðrÞ ¼
1
2

@~uui
@xj

þ @~uuj
@xi

� �
þWðrÞ dij

ar � aðrÞ
aðrÞ ð7Þ

WðrÞ ¼ 1; if r belongs to a deformed layer
0; if r belongs to a substrate

�
ð8Þ

where the ~uu are the displacements additional to the ‘‘lattice-matching” deformations and aðrÞ is the
equilibrium lattice constant. If, for example, the heterostructure is homogeneous in z direction (QWR
structure), then the corresponding derivatives in Eq. (7) vanish. Then the equation of equilibrium
(Eq. (3)) takes the following form:

@~ssij
@xi

¼ 0 ; ð9Þ

where ~ssij ¼ Cijkl~eekl. Eq. (12) is a partial differential equation of the second order with respect to the
displacements ~uuðrÞ. It is discretized by using the box integration method and reduced to a linear
system represented by a sparse matrix.

The simulation domain includes a part of the substrate and the layers the heterostructure consists
of. It has the shape of a rectangular parallelepiped. We assume that the heterostructure is grown on a
thick substrate. It has been shown [20, 25] that the minimization of the elastic energy will require a
zero strain in the substrate far away from the heterostructure. Therefore, we apply Dirichlet boundary
conditions for ~uuðrÞ at the plane that separates the simulation domain from the rest of the substrate.
The necessary depth of the strained substrate region to be considered in order to get convergent results
was found to be about 20–40 nm. The cap layer that surrounds the QD or QWR is also considered to
be strained. At its boundary planes we apply von Neumann boundary conditions in order to consider
the case of zero external stress acting on the heterostructure.
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The piezo-electric polarization is linearly related to strain

Pi ¼ eijkejk ; ð10Þ

where the eijk are the piezo-electric tensor components. Due to the cubic symmetry of zinc-blende
crystals, the non-zero eijks in the crystallographic coordinate system are only related to shear deforma-
tions. In the coordinate system (Eq. (5)), however, diagonal components of the strain tensor may also
contribute to the piezo-electric polarization. In this study, we neglect the converse piezo-electric effect
[26], and use the polarization P to obtain the electric potential from the Poisson equation

�rðjrjÞ ¼ �rP ; ð11Þ
where j is the dielectric constant. Here, we consider that there are no free charges in the structure,
thus the built-in electric field may originate only from a piezo-electric charge qpiezo ¼ �rP.

2.3 Electron and hole eigenstates

We investigated the electron and hole eigenstates in our model QD structures within the effective
mass approximation (EMA), and considered only the lowest conduction band for electrons and the
highest valence band for holes. A similar approach was used by Grundmann and co-workers [27] for
the description of electron and hole states in the InAs/GaAs(001) strained QD. They considered long-
itudinal and transversal hole effective mass that corresponds to the case of a biaxial strain, namely
exx ¼ eyy 6¼ ezz; exy ¼ eyz ¼ ezx ¼ 0 [28]. Strain-induced shifts of the conduction band depend only on
the hydrostatic part of the strain: dEc ¼ �ac Tr ðeijÞ where ac is the deformation potential. Here, the
influence of strain on the electron effective mass is neglected and, therefore, an isotropic bulk effec-
tive mass is considered. The band shifts and the effective mass tensor for the highest valence band are
obtained from the Bir-Pikus 6� 6 k � p Hamiltonian [17, 28]. In our approach, the hole effective mass
is position dependent and has both diagonal and off-diagonal components. At a given r point, m*ðrÞ is
the effective mass of the bulk semiconductor, subjected to the homogeneous strain eðrÞ. The electron
and hole eigenstates were obtained as the solutions of the one-particle Schr�dinger equation:

� �h2

2
@

@xi

1

m*ijðrÞ
@

@xj
þ VeðrÞ þ qjðrÞ

� �
w ¼ Ew ð12Þ

where m*; q;Ve;j are the conduction (valence) band effective mass, electron (hole) charge, conduc-
tion (valence) band edge energy and piezo-electric potential, respectively. Eq. (12) is discretized over
a rectangular non-homogeneous grid by using the box integration method. The problem is then re-
duced to the diagonalization of a Hermitian sparse matrix.

The theoretical approach described above has been implemented into the nextnano3 software pack-
age [29]. The necessary material parameters were taken from [30].

2.4 Excitonic effects in QWRs

An accurate description of the optical properties of a nanostructure should take into the excitonic
effect. The case of a QWR is simpler than of the case of a QD because we can reduce the dimension
of the problem using the approximation of the separable motion along the ‘‘quantized” two-dimen-
sional subspace and along the wire. The exciton was described within the framework of the variational
approach [31, 32]. We start from the wave function that describes the relative motion of the electron-
hole pair, written in the form of separable coordinate variables

wexðrke ; r
k
h; zÞ ¼ ceðrkeÞ chðr

k
hÞ gðzÞ ; ð13Þ

where rke ; r
k
h are the in-plane positions of electron and hole, z ¼ ze � zh is the distance between parti-

cles in the ‘‘non-quantized” direction.
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The functions ceðrkeÞ and chðr
k
hÞ are linear combinations of the electron/hole eigenfunctions wi

eðrkeÞ
and wi

hðr
k
hÞ, that are solutions of the single-particle Schr�dinger equation (Eq. (12)).

ce ¼
PNe

i¼0
ciew

i
e ð14Þ

ch ¼
PNh

i¼0
cihw

i
h ð15Þ

gðzÞ ¼ 2
a2p

� �1=4

exp � z2

a2

� �
ð16Þ

Ne and Nh refer to the number of functions included in the expansions (Eqs. (14, 15)). Parameter a
and the coefficients cie, c

i
h are the variational parameters. As follows from Eqs. (14, 15) we do not

neglect the contribution of the excited electron and hole states [33].
The exciton wave function (Eq. (13)) gives the minimum to the exciton energy that can be ex-

pressed as a sum of single particle energies ( ~EEe, ~EEh), electrostatic interaction energy (HCoul) and
kinetic energy of the relative motion along the wire (Hkin):

Eex ¼ ~EEe þ ~EEh þ HCoul þ Hkin ð17Þ

~EEe ¼
PNe

i¼1
jciej

2 Ei
e ð18Þ

~EEh ¼
PNh

i¼1
jcihj

2 Ei
h ð19Þ

HCoul ¼ �
ð

rke ;r
k
h;z

jwexðrke ; r
k
h; zÞj

2

j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrke � rkhÞ

2 þ z2
q drke dr

k
h dz ð20Þ

Hkin ¼ �h2

2ma2
ð21Þ

1
m
¼ 1

~mme
zz

þ 1
~mmh
zz

;
1

~mme;h
zz

¼ ce;h
1

me;h
zz

����
���� ce;h

� �
ð22Þ

where j is the dielectric constant considered to be the same for all materials. Here we neglect the
image charge effect, exchange interaction and used an averaged value for the effective mass mzz.
Minimization of the exciton energy (Eq. (17)) was performed using the Nelder-Mead simplex algo-
rithm [34]. The starting values of the expansion coefficients cje;h for minimization were chosen as

cie;h ¼
1; i ¼ 0
0; i ¼ 1; 2; 3; . . . ; Ne;h

:

�
ð23Þ

thus considering excited states contribution to be small comparatively to the contribution of the
ground state. We found that it is sufficient to put Ne ¼ Nh ¼ 2 in order to get the convergence level
for the exciton binding energy better than 0:05 meV.

The oscillator strength of the optical dipole transition was estimated by the following formula [32]:

f / jhce j chij
2 jgð0Þj2 : ð24Þ

3 Results and discussion

3.1 Strain pattern

Contour plots of the strain tensor components for the QD, grown on a (211) oriented substrate, and
the QWR, grown on a (311) oriented substrate, are shown in Fig. 2. The results are qualitatively the
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same for any [N11]-like direction. We plot diagonal (exx, eyy, ezz) and an off-diagonal (eyz) component.
The plots indicate that both the QD/QWR layer materials are compressed in the x and y directions
(exx, eyy are negative), in agreement with the relative values of the lattice constants of InAs and GaAs.
As for the ezz component, the situation in the QD and QWR is quite different. Namely, in the QD the
two-dimensional wetting layer is tensile-strained in the growth direction, but the pyramid is compres-
sively strained because its lateral faces are also subjected to compression. In the QWR structure, the
ezz is always negative. Interestingly, the strain distribution in the QD is not symmetric, despite of the
symmetric QD shape (Fig. 2a). The loss of symmetry is due to the fact that the [N11] and ½�22NN�
directions do not coincide with the high-symmetry axes of a cubic crystal. In both structures the strain
pattern is homogeneous only far from the QWR or QD region, where the structure is similar to a
quantum well. In this region the atomic displacements in the directions parallel to the substrate plane
(exx and eyy components) are such that the in-plane lattice constants of the strained material are equal
to the lattice constant of the substrate. The atomic displacements in the growth direction (ezz compo-
nent) and additional shears (ezx and ezy) have to minimize the elastic energy (Eq. (2)). In the QWR
and QD region the displacements of the atoms are such that the lattice constant is matched at the
interfaces which are oriented arbitrarily with respect to the substrate plane. On the other hand, the
elastic energy minimization affects all components of the strain tensor. Therefore, the strain distribu-
tion in this region is not homogeneous.

3.2 Piezoelectricity

Due to the nature of the piezo-electric effect, the sign of the piezo-electric charge depends on the
atomic composition of the interfaces [2]. We thus have to distinguish between the substrate’s Ga
planes, referred to as (N11)A-plane, and the As planes, referred to as (N11)B-plane. From the compu-
tational point of view, these two cases differ in the sign of the piezolectric tensor eijk (see Eq. (10)).
There are two reasons for the existence of the piezo-electric charge, namely, the discontinuity of the
piezo-electric constant at the interfaces and the non-zero gradient of strain. This explains the big
charge density at the interfaces, that corresponds to a surface charge. In addition, there is a volume
charge inside the QD/QWR, where the strain is highly non-homogeneous. Previously, a piezo-electric
quadrupole has been reported by Stier et al. [11] for (100) oriented QDs. In contrast to that, the (N11)
oriented dot of the same shape, has a piezo-electric charge with a dipole symmetry [35] (see Fig. 3).
It is worth to emphasize the existence of two charged interface planes in the case of the (211) or-
iented QD. Far from the QD region these planes have equal in absolute value and different in sign
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(a) QD (b) QWR

Fig. 2 Contour plot of the strain tensor components. a) Distribution over a cross section of the QD. The section
plane is parallel to the (�1111) crystallographic plane. The QD symmetry axis a (see Fig. 1a) belongs to the section.
b) Distribution over a cross section of the QWR. The section plane is parallel to the (0�111) crystallographic plane.
White dashed lines indicate heterointerfaces.
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piezoelectric charge. Such a charge distribution is typical of (N11) oriented quantum well struc-
tures [8].

In order to show how the piezo-electric field affects the band structure, we plot the valence band
profile of the QD structure with and without taking into account the piezo-electric effect (Fig. 4). One
can see that the piezo-electric field acts in a different way, depending on the substrate orientation. For
example, in the case of a QWR grown on (311)A substrate, the top of the valence band of InGaAs is
shifted away from the substrate (see Fig. 4b). In the opposite case, corresponding to (311)B substrate,
the band’s top is shifted towards the substrate.

3.3 Electronic and optical properties

3.3.1 Quantum dot

Our study enables us to consider two effects on the electron and hole states, namely, the effect of
strain and the effect of the piezo-electric charge. The effect of strain in our model does not depend on

phys. stat. sol. (c) 1, No. 6 (2004) / www.pss-c.com 1517

Fig. 3 Piezo-electric charge density. Comparison between a) (211) oriented QD and b) (100) oriented QD.

(a) QD (b) QWR
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Fig. 4 Contour plot of the valence band edge profile calculated for three cases: A-type substrate, B-type sub-
strate and neglecting piezo-electric effects. The colorbar units are eV. a) Two perpendicular cross sections of the
QD grown on (211) oriented substrate. The section planes contain the QD symmetry axis a (see Fig. 1a). b) Cross
section of the QWR grown on (311) oriented substrate.
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Table 1 Fundamental transition energy calculated for (N11) oriented QDs (eV).

growth direction no piezo-effect (N11)A (N11)B

[111] 1.254 1.262 1.241
[211] 1.241 1.243 1.233
[311] 1.224 1.226 1.221
[100] 1.205 1.205 1.205

Fig. 5 Isosurface of the squared modulus of the electron/hole ground state wave function in the QD. a), b) Piezo-
electric effect is taken into account for A- and B-type substrates, respectively; c) Piezo-electric effect is neglected.

Fig. 6 The fundamental transition energy shift due to
the piezo-electric effect. Axis of abscissae indicates the
substrate orientation: positive numbers correspond to
(N11)A substrate, negative numbers to (N11)B.

Fig. 7 Contour plots of squared modulus of the electron/hole ground state wave function in the QWR. a),
b) Piezo-electric effect is taken into account for A- and B-type substrates, respectively; c) Piezo-electric effect is
neglected. Dashed lines indicate heterointerfaces.
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the substrate termination type, but the piezo-effect does. In order to investigate the role of the piezo-
electric field, we calculated the fundamental transition energy without any piezo-electric field and
with the field, for both the A and B substrate type (see Table 1). We found that the fundamental
transition energy can either be reduced or enlarged by the piezo-electric field. The corresponding shift
is plotted in Fig. 6. We see that the effect has different sign depending on the substrate termination,
and different magnitude which increases as the [N11]-growth direction deviates from [100] towards
[111] direction. The energy shift is less than 1meV for (100) oriented structures and reaches a value
of more than 10meV for (111) orientation. As one can see from a jwðrÞj2-function plot (Fig. 5), the
electron and hole ground state wave functions are shifted away due to strain even without piezo-electric
field (see band diagram in Fig. 4a). The piezo-electric effect can enlarge or reduce this spatial separa-
tion. Its influence on the eigenfunctions is larger in the case of (N11)A substrate then in the case of
(N11)B substrate. Also, the transition energy for A substrate is larger than for B substrate. This evidences
that the positive energy shift due to the effect of quantization dominates over the negative shift due to the
band bending. Since even without piezo-electric field electron and hole are separated, the energy shift
due to the piezo-electric effect changes its sign if the field direction is inverted.

3.3.2 Quantum wire

We calculated the eigenenergies and eigenfunctions of electron and hole in the QWR structure taking
into account piezo-electric effect for both substrate terminations as well as neglecting it. Modulus
squared of the electron and hole wave functions of the ground state are shown in Fig. 7. Due to the
non-symmetric shape of the QWR, the electron and hole wave functions are stronger separated in the
case of A-terminated substrate than in the case of B-terminated substrate. One can see in Table 2 that
the piezo-electric field reduces both the transition energy and the overlap integral between electron
and hole jhje j jhij

2, irrespective of the substrate termination type. This can be explained by the fact
that our QWR is large enough and the strain is more homogeneous in comparison to the QD.

It is interesting to compare the exciton binding energy with and without piezo-electric field. We see
that the piezo-electric field reduces the exciton binding energy. The reduction is different for A and B
substrate termination. Namely, in the case of the A-terminated substrate, where we have stronger
electron/hole separation due to the field, the exciton binding energy is reduced by 10%. In the case of
the opposite field orientation, the reduction is less then 1%.

Similarly the piezo-electric field affects the oscillator strength. If we neglect the excitonic effect,
then the oscillator strength is proportional to the overlap integral between electron and hole. In this
case the strength is reduced by 35% in the case of (311)A substrate and by 8% in the case of (311)B
substrate. The excitonic interaction leads to attraction of the hole to the electron. Therefore, the rela-
tive reduction of the oscillator strength becomes less, namely 32% and 5%, respectively.
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Table 2 Values of inter-band transition energy Ee � Eh, single particle overlap integral jhje jjhij
2,

exciton binding energy, modulus squared of the exciton wave function jgð0Þj2, overlap between electron
and hole wave functions jhce j chij

2 and oscillator strength f .

A-type substrate B-type substrate no piezo-effect

single particle properties
Ee � Eh, eV 1.467 1.475 1.477
jhjejjhij

2 0.55 0.78 0.85

exciton properties
jhcejchij

2 0.61 0.81 0.85
Eb, meV 10.80 12.15 12.20
jgð0Þj2, nm�1 0.043 0.045 0.045
f , a.u. 26 36 38
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The time resolved photoluminescence experiments, in which the influence of piezo-electric charge
on the optical properties of QWRs and QDs was studied, have been performed recently [2, 36]. In
these experiments the time-shift of the fundamental transition energy was detected. The energy shift
was explained as a result of the piezo-electric field screening due to the photo-injected non-equili-
brium carriers. The detailed comparison between experimental results and calculations will be pre-
sented elsewere [37].

4 Conclusions

We investigated the structural and electronic properties of nanostructures grown on (N11) oriented
GaAs substrates. We obtained a non-symmetric strain pattern, as well as an increasing piezo-electric
field for high index orientations. Our calculations demonstrate that by varying the growth direction
and the substrate termination type, it is possible to tailor the built-in electric field, and, therefore, the
optical properties of such QDs and QWRs. Hence, the electron and hole wave functions can be engi-
neered in such a way that we can have a quantum system where electron and hole, being in the
ground state, are spatially separated. Such systems can be used for quantum information processor
applications [38].
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